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FOREWORD

This work is a continuation of a project whose first two parts were

reported in a document entitled, "The One-on-One Stochastic Duel: Parts I

and II," a U. S. Army Research Office Interim Technical Report under

Contract Number DAAG 29-78-C-0012, dated 15 April 1979.

The first report contained, among other things, a bibliography of all

research materials on this subject, known to the author. This report

summarizes the results contained in the papers in the prior bibliography.

The results are given in a common notation and systematically organized (to

aid in locating a desired result) in a comprehensive compendium.

This work completes the project. The prior issue and this volume

should be viewed as a single work and consulted simultaneously.

Imediately preceding this foreward is a page which should be inserted

in "Part II - An Annotated Bibliography," immediately following page B-11.

The author would be grateful to learn of any inadvertent mistakes,

omissions, or other ta-rors which may have occured.
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LIST OF SYMBOLS, NOTATION AND DEFI=ITIO

1. WORD AND PRASE DEFINITIONS

Burst - A group of rounds fired consecutively in a cluster.

The groups are separated in some systematic manner.

Usually refers to automatic weapon fire where time

between rounds in a group may be taken as a

consta:--

Fundamental Marksman - Refers to the basic one-on-zero (or xarksman versus

a passive target) problem. The marksman fires at

his target until he gets a hit which terminates the

process. The time between rounds (interfiring

times) is either a specified constant or a speni-

tied random variable and is the same from round to

round. On each round fired, he may hit his target

with a specified probability which is the same from

round to round. The interfiring times and hit prob-

abilities are independent from round to round. He

starts at time zero with unlimited ammunition and

unlimited time to fire and fires his first round at

the next firing time.

Fundamental Duel - Two fundamental marksman (see definition above) fire

at each other as targets until the first hits, which



terminates the process in a win for the successful

Wonteat ant

Salvo - A firing mode in which a number of weapons are fired

in sequence at a constant interval.

Volley - A firing mode in which a number of weapons are

fired simultaneously.
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2. ENGLISH ALPA.BET

A - one of the two contestants in the duel, usually used as a

subscript

- event, a kill by A

a the factor a, when a1/b, reduces to a/b (ratio of

relatively prime integers)

- time between roands in a burst

- arbitrary constant

.a- A's fix. Lnterfiring time (ai/b, is rational)

AB - event, neither A nor B wins the duel (i.e., a draw occurs)

B - on,.i of the two contestants in the duel,, usually used as a

subscript,

- evr..t, a kill by B

b - the factor b, when a 1/b, reduces to a/b (ratio of

relatively prime integers)

arbitrary constant

bI Bla fixed interfiring time (a,/b, is ratinnal)

C - arbitrary constant

- function of constants

CmIFT - Continuous Random Interfiring Times

CRV - Continuous landcn Variable

c - superscript denotir4 complementary

ci - constants

"1



cdf - complementary distribution function f ft f(x)dx, denoted

by superscript ', i.e. C FC

cf, - characteristic f•nction I" e •u f(t)dt

crv - continuous random variable

D - rv, damage inflicted by a single round

d - value of D

- Pfround in volley kills Ivolley hits] (fixed)

df - distribution function A ft f(x)dx F F(t)

-thc J-th event for A or M

-the J-th state of A or M

EM - the killed state

E0 - the acquisition state (available as a target)

E[X] - expectation of the rv, X

Erlang(k ;r) - a rv with pdf

(x ) " kx x e-krx ; X> O, k 1,2,...

-o0 elsewhere

and with ct 4 -u (rk),
(rk - iu)k

F -the J-th event for B

- the 4-th state of B

Fx(t) -df of a, rvX, x

:171
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Fc(t) -cd ofany rv, X

FD - the Fundamental Duel problem (defined on page iii)

FMFT - Fixed Interffring Times

FM - The Fundamental Marksman problem (defined on pae iMi)

A(x) -pdf of rv, XA

•B~x) -pdf of rv,#x
f (x) -pef of a rv X, e.g., specifically, the rv's

TFi, Top TLp TR.. TSi, and X

f( W t W e~f Lt)) •

dt n

Gý(z) - one-variable geometric transform of rv, X. (z-transform)

Gx(z, w) - two-variable geometric transform of rv, X. (zw-transform)
(t) - pdf of rv,,

A(t) l-pdf of rv, TDIA

9 W -pdf ofrv,
AB(t '71 T AL

gB(t) -pdf of rv, T DB
- improper pit of rv,

"t - geometric transform. f a n (n)zn also sometimes called

the z-tranaform; and if f(n) are elements of a pm!,

sometimes called a probability generating function

H - event, a hit

"Hi - event, a hit on the i-th round fired

-event, no hit

vii



Hi - event, failure to hit on i-th round fired

H(t) -df of rv,,T

HC(t) - cdf of rv, TM

h(t) - pdf of rv, TM

hAt - pdf of Tv, T

(t) - pdf of rv, TB

hl(t) - pdf of rv, TAH (same as hA(t) if no limitations)
•)" N(t) TA*o' , Ibhl(t) - pdf of rv, TBH (same as h i(t) f no limitations)

BIt 'Bdf hf' tMI

hO(t) -pdf of ov, f T r T

hi(t) - roerpdf of vv, T

hy(t) - pdf of rv, Ta , e
hI(t) - pdf of rvo I

hxr, W- d o' (same as h(t) If no limitations)

h 0t) - improper pdf of rv 1 I

i ii

h IW) - Improper pci! of rv, f

I - iv, initial number of rounds A or M has

- also, Name as aboyeo fixed
3ý- set of Positive integers

I(m,n) - teIncoplt Bet Funct io Ratiox

- ~ + )f, mll n+ p-1 )k

00
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IFT - Interfiring Time

i - imaginary number N(4?)
- an arbitrary constant

- a summation index

iid - independent, identically distributed (used in reference to

two or more rv's)

J- rv, initial number of rounds B has

- also, same as above, frixed

- value of J

- a summation index

K - event, a kill

- rv, round number on which A or M has a failure

S- event, no kill

k - values of rv, K

- an arbitrary constant

- a summation index

kA - P[A kills Ia near miss by A]

k - arbitrary constants
L - rv, round number on which B has a failure

LT - Laplace Transform f J0•"st f(t )dt

S- value of rv, L

- arbitrary constant

ix
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iL

M - symbol denoting the marksman
S,- rT, Initial supply of weapons

- a constant 0 a+ b

SMIFT - Mimed intertiring Times, i... one side with In rvT, the

other side I'T constant

WAVE - Maximum Likelihood Estimate

m - v-alue Of Trv M

- fixed number of initial weapons

ia constant 0 (P/bJ

- number of states in a Markov firing process

- an arbitrary constant

mgf - moment generating functicn, defined as the lame as the Laplace

Transform with s (in LT) replaced by - a

N - rv, total number of rounds fired

- an arbitrary constant

2 2
Ni(•, ) - a noz.'-.ay distributed rv with mean 40 and variance a

n - value of rv, N

- an arbitrary constant

- a summation index

i no - an arbitrary, ,!ixed, round number

nl - a constant 0 (gb/a]

ned - negative exponential rv with pdf

fx(x) rerx, xr > 0

03 elsewhere
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I
with cf ýA) W r/(r -iu)

P(E) or P[E] - probability of the event, E

P(A)f P(A) for the fundamental duel

P(A)U - P(A) for the unlimited (fundamental) duel with ned MFT's

for XA nd

p - hit probability, constant on each rounw fired

- constant = P[H IHi

SAn - P[hit by A cn n-th round In-th round fired]

- probability of acquiring the target

P- P[going from state Ei to state E1 ]

P1  - P[of being in state E initially]

- PIK on next round lH on last round]

- P[hit on n-th round I n-th round is fired]

PO - P[Hi I Hi_1 ]

P1  - first round hit probability

- P[Hi i l
pdf - probability density function, e.g., fx(x)

pgf - probability generating function (sometimes called geometric

transform, or z-transform)

pmf probability mass function, e.g., PxX)

p(t) - hit probability (as a function of time since start)

p(x) - hit probability (as a function of time since last firing)

PxW) -pf of the rv, X

zi
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I'.5

q - miss probability 1-p (also, for an the subscripted p's

above)

q(t) - miss probability as a function of time since suart 1-p(t)

q(x) - miss probabilittr as a function of time since last firing =

,-p(x)

- rv, number of hits to a kill (used where more than one hit is

required to kill)

- same as above, except a fixed value

r -value of w, P

- rate of fire • EMXJ

rv - random variable

r(t) - rate of fire (as a function of time) for non-stationary

Poisson process

R -remainder when a is divided by b a- ba/b], 0_< O <b

s - probability of a near miss

T - rv, marksman's time to a firing (any number of previous

firings)

- rv, marksman's time between bursts (only when firing in

bursts)

TA - rv, A's time to a kill (unopposed)

TAE - rv, A's time to a kill (unopposed) - used in situations where

A can run out of time or ammunition, etc.

TB - rv, B's time to a kill (unopposed)

- rvs time since beginning of either duel or marksman's firing
Tb

xiiI
S"Lxii
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V

T - v,, (similar to T )Boh AH
Tc - rv, time during which marksman is in contact and firing

- l', time since start of the duel and opponents are in contact

and f iring

Te - rir, time during which marksman is not in contact (not firing),

o~r may not be a target

- rv, time since start of the duel and opponents are not in

contact (not firing)

TD - rv, time-duration of the duel

TD A - rv, time-duration of the duel, given A vine

TD - rv, time-duration of the duel given a draw occurs

TD B - rv, time-duration of the duel given B wins

Td - rv, time for A to displace and resume firing

TE -rv, time durinZ which ammunit ion is exhausted

TF - v, time-of-flight

TG - rv, time between rounds in a burst

TH -rv, the event [t < T < t+dt,H]

.T -rv, the event ft < T < t+ dt flJ

TL - rv, time-limitation on the firin
-rv, the event [t <T < t+ dtpi hits no kill.]

-rv, rv, time to fire the killing round

- rv, time to weapon failure
TM rv, time to end of marksman's firing

TM H - rv, time to end of Larksman's firing, given a hit

Xiii LI



T - rv, time to end of marksman's firing, and a hit
MOE

TM r vo time to end of marksman's firingo given no bit

TMo - rv, time to end of marksman's firing, and no hit

VTO r-v, time to an event in the duel with no kill

- rv, time to fire R kits

S- rv sighting time, i.e., time during which A fires and f"r

some specified reason B does not (e.g., A is concealed);

(negative values mean that B has the advantage)

TW - rv, time until next supply replenishment of ammunition

t - time, values of the various rv's above

tj . - fixed time to go from state E to a other state

t3  - value of rv T8

- fixed sighting time

U(x) - unit step function - I, x> 0

- 0, x<0

u - transforms variable in cf

V[X1 - variance of rv, X

v - probability of a weapon failure

- fixed number of rounds fired in a volley by A

- velocity S

V - transform variable in ef

- fixed number of rounds fired in a volley -y B

- va-iable of integration

xiv



X -rv, interfiring time for X

XA orv, interfiriog time for A

"X -rv, interffriW time for B

K - rv, time in contact

XC - rv, t•me not in contact

x- rv searching time

x - value of the rv X

- an arbitrary constant

-a constant -[(j1 + 1(/)•[x/J

Y -discrete rv, number of rounds A fires before B

acquires A (initial surprise)

- rv. time since last event (backwards recurrence time)

y - value of, rv, Y

San arbitrary constant

YC - time since the event, the last contact

- time since the event, last lost contact

-time since the event, last gearching period started

z - constant, number of rounds in a burst

- transform variable for gt

2. GREEK ALPHABET

- arbitrary constant

P - arbitrary constant

Xv

S
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r'(y) - The Gaw'A Function

fo e (y- 1)? (if y c )

'V - arbitrary constant

Y(xoy) - The Incomplete Gamm Function

A - increment, e.g.. At - increment of variable t

15(x- a) - Dirac Delta Function

Sarbitrary constant I
C - arbitrary constant

- arbitrary constant

O(u) - cf of fT W
L

Ga(u) - cf of f W

Qi(u) - cf of hfWt)

GIR(u) -•cf of fTR(t)
0(u) -cf of fs( )

S TS ,
(u) - cf of ho(t)

Xn - n-tb c~umulant of i,(t)

K - n-th cumulant of fx(X)n

-cycle time in fixed IFT duels ab -ab

- arbitrary constant 1

- characteristic value

xvi



-this i -- and also
Pic (y)

fX(y) . (y) e-

4n(A) - n-th moment of g a(t) about the origin

%(AB) - n-th moment of gao(t) out the origin

I4n(H) - n-th moment of bH(t) about the origin

I1 n(R) - n-th moment of hg(t) about the origin

V - summation index

- variable of integration

- summation index

p - fixed time interval between bursts

- corr [Hi , Hi-1 ]I - arbitrary constant

PA - P[A scores a near miss]

- Pfhit by A on the n-th round, n-th round fired]

p n - Phit by marksman on n-th round, n-th round fired]

C? - v[x]

- arbitrary time constant, e.g., fixed time limit for duration

of duel or marksman's firing

- variable of integration

6(u) - of of h(t)

xvii
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•A(U) - cf of hA~t)Yu h(t)
OA(u) - of of h (t)

®o(u - cf of hx(t)

00(u) - of of (t)

03. (t cf of lt

4(U) -cf ofx(x)

iA(u) - cf of fT WTF

4 G(U) - cf of fGT )

A(u) - cf o At
'IAB~-c of gA(t)

-ocf of

*0(U) -of of go(t)

C(uy) - joint2•yp the pdf of the time since the last event, y,

and the cf of the DF cf the time since the comencement

of marksman's firing (or the duel)

fl(u) -ocf of q(t)

- cf of q(x)

w - variable of integration

4. MATRIX ANDh VECTCP NOTATION

A - m x n mt.tix with components ajj

AT - A transpose

A-1 - A inverse

xviii



(A)•' (Lallaz al$2 "'" s'n$ shl "'" ...' "' &J$""°'

a column vector of wi components from the A matrix. N.b.,

if A is know (A)v may be written dcwn and vice versa

A x B - Kronecker product, I.e.,, a matrix whose ij-th ccuponent is

aij B

a - m component column vector

Ta - a transpose, a raw vector

D(aj) - an m x n diagonal matrix,

o I
T - (ll,...,l), n component, raw vector of all ones

Ae~ - the exponential matrix,
I A Aý A

Z + + +)0

I - identity matrix of appropriate size

i•T - Initial state probability vector ( (pOpS,... pM)

T
m -a vector of appropriat~e size (lO.,)

n - a vector of appropriate size • (0,0,..ol)
TIK xif
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P - stochastic submatrix of S for transitions from transient

to transient states

T avector 0 (1-p,p :0)
T T

atstochasticsubvector of (l-p, p)

Tr interfiring time vector -( """'-1

S - state transition matrix

t - stochastic subvector of S for transitions from transient

states to kill state

- characteristic value vector ,

5. THER MATHEMATICAL NOTATION

n - is approximatey equal to

= - in defined to be equal to

* - convolution operation • f~ f(t- 1) f( )dt " f(t) * t(t)

• - number of iterated convolutions of a function with itself,

e.g., f(t) * f(t) * f(t) - f>(t)

is- distributed au

[x] - largest integer less than or equal to x

(x) - max (largest integer less than x, O)

( m ) - binomial coefficient 3'

n n!(m -

^ - when placed over a symbol, denotes its maximu likelihood

estimate, e.g., • - MLE of p

x .



-symbol for con•itionality, e.g., A IB ma the event A,

given the event B

" - ymbol meaning Implies that, e.g., Am* B means that A

Implies B

O(At) -order of At - r lin 0 = 0L•'•O At

(P h acypincpe vleo ni~pritga

-same as f :: where E is finite but less than the

distance to the nearest singularity in the lower-half of the

complex plane; this integration may be around any of the

contours in the lower-half of the complex plane shown, as

appropriate or convenient, and as R

44

the integral an C must -• 0 as R - ; the first

path is only useful if there is no singularity on the real

line

s -same as f-i• where E is finite but less than the

f distance to the nearest singularity in the upper-half of the

, 01
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complex plane; the integration may be around azW of the contourx

In the upper-half of the comp•lex Woane hownp an appropriate or

convenient, and as 1 -R

!2 ~C

the integre on C must - 0 as R -' *; the first path

is only useful if there is no singularity on the real line

14i
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IMTODUCTION

In this compendiums the notations in the pae margins, such as A&Wl,

refer to the sources of the result. These sources are all listed in the pre-

ceding annotated bibliography. For example A & Wl means the first paper

in the bibliography by Ancker and Williams.

An asterisk (*) in the margin means that the result is new and given

her- for the first time.

A double asterisk (**) in the margin means a result for which a

major error in the original manuscript has been corrected.

All marginal notations apply to the result given on, the lime on which

the notation appeas and to all preceding results up to the next marginal

notation.

P(B) will usually be emitted as it is easily derived from P(B) -

1 - P(A) if a draw is impossible or from P(B) - 1 - P(A) - P(AB) if a

draw is possible.
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InTEFWIRNG TIMW~

K FM-l

x - a

P(H) -

Pf~in] - 'independent or a1

P 2

P[ N > no] qA & G i

II. LIMITED A*%4MITION

A. Iv

X aa

P(H)-p L qfl1 c+a,

-I -

P(H)P(TM anal H) -pqn-1 ~ a±a

i-
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EaN2 IH] - -i q'

1-0 -
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i~i p(•.) . qk,,

Sim~n-I
P(O) P(TM "na I H) - , * ,., L,2,...,k n

P(R) P(Tmna I) - k aq *

I C. I EITHER a RV or a CONSTA.NT

P(Tm --nal) - P(H) P(TMmal IH)+ P(R) P(TM-na IR)

III. LIMITED TIME DURATION

A. TL a V WITH pd fI• • L

X~a•.n. PCH) - I f (t)dt
-~ .~qf~X na TLnil aI

(n+ 1)a,

p(ii) - qn fa T. (t)dt

nn-i L

I n, 1  L

P(.P) h_(t) - q fT where rx] = largest integer < x •

B. TL A CONSTANT

P(H) 1-q

-P() q q

e5

W M NOW . .. ,.11111. .. _M
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P(-H) hP(t) q H) 1

P(t)hP(t) XT q a )5tna)+PR
HH

Examp~le: let fT (t) 1 e-t X Aate
TL

P(H) -1;

1qe

P-) 1-~e 1 *

t/1 ]

A& ~P(H)hP(T) na JH (ela )

I.TIME- OF-FLIGHT ICUE

X n a1

TF -rv time-of-flight
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No delay between rounds fired

TK - rv time-to-fire killing round

T- time-to-hit target

T -, a constant
F

pT (ha) " (n) P[TK " nal1  " P(N n)

W pq-, n 1,2,...
ITM zn-l

PT(nal + T) - -L1 + ] - pq , n 1,2,... A3

V. MARKOV-DEPENMM.T FIRE

LEj j- O,1,2,.eem states of the system

E- acquisition state (starting state, i.e., ava'.lable as a0I
target ,

Em - killed state (absorbing)

E - other arbitrary specified states, j # 0,m

-p m P[being in state Ej initially]

P - PFgoing from state Ei to E transition probability

iT - (POPl PM.: : ,p ) O (rMT p . initial state vector

In what follows:

T O ... ,) - m components

IIN



V FM lFin

P00  p01  *. P0 am3 1  pm

S.

0 0

pt

- -I - ,transition matrix

t -fixed time to go from state E to any other tatte,

1~-(t ,ltpop p**~ interfiring time vector (times may be
different for each state)

Bal EET Pr T(, Prl rM

A. m

Let

R - rv number of hits to aki3ll

C8



pR (r) - k qk 1  r 1,..

-0 , elsewhere

N vrv number of rounds to akill

P1 a 1-it round hit probability, q, 1 -p 1

p w P[H1 i 14

acq R aX

acquisition 0 1 - p1  p(i-p) lk

(miss) R 0 1i-u ip) up

(bit, not kill~ed) iR 0 1 -p p lI ý

(kinl) K C' 0 0 1 i

t'a +t 1 +trf

r -tM +, see definitions below

th f

(n P, pr-1, nr

-. 1 PNErl r)P 1 r nmruýln-

Xk k-i r-k4-r-

r (r -1 P ~r-k k-i k (n-r-1)( U)nr-k
[P~ ~(*~bl~pr q u.~ k i~--1 o

-- - - .C9U
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TABLE I

THE MARKOV DEPENDENT FIRING DISTRIBUTION0: I( I R - +. -- Y-- -)

p 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9
0 .1 0.1 0.5 0.5 0.5 0.5 0.5 05. 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9

S0.9 09 0.1 0.1 0.5 0.•5 0.9 0.9 0.1 .1 0.1 0.5 0.•5 0.9 0.9 0.9
r o 10 5 55 5 10055 0 1105 1 0 15

y/a 4 34 4 9 4 9 4 9 4 9 14 4 9 4 9 14

1 590 003 066 039 328 194 590 349 066 039 023 328 194 590 349 206
2 033 003 310 194 237 194 164 194 558 349 217 1426 349 295 349 309
3 030 002222188 161 167 100145272331 302180 262 0891 247
4 028 002 150 160 105 132 060 104 081 179 235 051 128 021 077 140
5 026 002 097 125 067 099,036 072 019 071 131 o11 048 025 063
6 02 o00 o61 o o041 o o023 049 CO3059 015 024
7 o2z oo2 0 38 066 25 o49 o3232 022 008
8 020 002 023 046 015 033 007 021 007
9 09 001 0o14 031 009 o22 013

"10 017 001 008 021 005 015 008
1 016 001o 05 013 009 005

12 014 ool 009 006
1, 013 001 006
14 012 001
15 Onl
16 010
17 009
18 009
19 008
20 007
21 007 7
22 006
23 006
24 005
25 005
26 00o4
27 00o4
z8 004
29 003
30 003

CIOI
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TABLE I- (Continued)

TIM MARKOV DEPENDENT FIRING DISTRIBUTION: P[N I R = a +y

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.5 0.1 0.5 0•5 0.5 0.5 0.5 0.5 0.5 0.9 0.9
iu 0.5 0.5 0.5 0.5 0.9 0.9 0.9 0.9 0.9 0.5 0. 5 0.5 0.5 0.5 0.9 0.9 0.9 0.9 0.1 0.1
p1 0.1 0.1 0.9 0.9 0.1 0.1 0.1 0.5 0.5 0.1 0.1 0.5 0.5 0.9 0.1 0.1 0.9 0.9 0.1 0.1
r 5 105 10 5 10 5 5 15• 10 5 10 10 10• 5 10 5

y/a 718617 71 6 25 62 4 5 12 4 U11 5 11 4 10 4 34

1 03-1 008 012 010 054 031 017 021 009 041 016 031 013 020 073 019 056 014 o66 008
2 036 017 045 021 231 104 053 128 032 ,'36 030 078 027 038 220 062 ?o8 o54 o62 007
3 074 029 097 035 438 225 121 349 083 121 047 31•7 044 057 308 131 3i4 123 058 007
4 109 044 155 052 196 z89 199 326 158 137 064 137 061 075 237 194 252 192 055 006
51129 059 147 069 057 200 229 129 216 134 079 137 076 089 111 211 120 215 052 006
6 132 073 158 082 013 095 182 035 210 119 088 123 087 096 035 174 038 181 049 005
7 121 083 117 091 035 109 149 098 093 103 093 097 008 112 009 118o046 005
81o2 089 092 o94 011 052 082 077 092 081 093 093 057 061 043 005
9 081 089 069 091 021 037 057 086 060 088 084 024 oz6 o4o o0o4

10 062 086 049 085 007 o05 o4i. 078 o44 080 074 009 oo9 o38 oo4
1i 045 079 034 075 029 068 031 070 062 035 004
12 03o 070 023 064 019 057 021 059 051 053 003
13 2o 060 o15 o54 013 o47 o14 og9 •4o 031 003
14 015 049 010 043 008 037 009 039 031 029 003
15 010 040 006 034 005 029 006 030 0O4 027 003
26 006 03 026 0 o2 018 0016 00117 oo4024 0o0 0g17 017 013I 023 002

28 018 c14 o3 013 009 012 001
29 014 040 009 009 006 1 00o20 010 007 006 007 0051 019 002

5 1 007 005 004 15 017 001
2 6 05 oo4 o02• • •123 oo4 01 001" o

26 0o1 o001
27 Ol
28 010.
29 009

•o 'Ioo• R & s1
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n )r + js 3-12,.

rF + q, uz F r-1
GN IRh& Z Ui D+ UCU

7 ~JL ((I_1u)z)r-1

FEtNIR] PNR r + q1 + q(r -1)
U u

& R rv time to akiall, given F r

TMI R C + c 2 r + c [N R]

where

c 1 -t + t, -t c t

i2 t th ~ C 4  to +t ti

uid 0 & Cqi~isition tim~e

aa

th time-to-fire, given last event wan a hit eec'i84Ant&

tm time-to-fire, given jaut event was a miss

Bol t time-cf-flight

Alo

C12



E[TMIR) c ic. r + c 
I.R

-~ ~~( C-0 p C + , o()~*

E( J -TM E[TME RI Y(r)

ci ~ u 3~I 0 + + 3 i) i. Bo2
Pk kil

B. U5s MPROBLEMAS A DMIFMp APPROCH

G z) *ý q1~ PkI U)
N 1t(1'1a)+Pqk1:+ (P(l-u)qk+uq) z

k: c + k4 +k

n ni

C2.2
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or - ryi cos (no+ +)

vhen 3) \, are complex conjugate,

i.e., , r(cos 0 + i sin o), (determined from 1)

above)

and 4) 'Y and A are determined from

I1.- •r cos (o + P)

k5  - ",,m. COB (20+ ) •

"U + Pk ql + q
E[N] - + k

Kq
Pk 22 U

uPk

+ 2q u + 2 q(u+ puqq
Pk u

2q• 2 u+P ul + qk )

+ - u +q (u + ' Pk k

Pku Pku ,

AI Pc iz pz3u2C3

ci4 c Cl

TM (-u)zc 3 C2 ze• 3c(l" zc3) + u z3

ý;, 7 v ---.....-7.. 1 ,T••
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C. NE ESTIMATION OF p1, u, AND p

Let Sls,2 *.0*sSk be k independent sequences of trialsp

each trial terminating on the r-th success. Define

n - number of transitions S -- S (success-to-success) ,

i iin sequence S ; similarly, nSF and nFS" Also

Number of the sequences which have

NS a success on the 1-st trial

Ns

Pl -k"

k
- i

, nS + nSS )
i-1

y k
ii

C15
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P&Si r + (~) +
u u

D. FIFr

T , eT

P(N-n] - P[TM.- 1 1 - T ? 1 t

' ~E[N] . p )'1

B&2 V(N - T(I + p)(I. P)- e . [T(I- P)' a1 •

E. BURST FIRING

z rounds per burst )
a time units between rounds in a burst all constants

o time between bursts

Ba3 P(N n] a m

VI. MISCELLAZNE0JS RESULTS

FIXED TIME LIMIT - KILL PROBABILITY. A NONDECREAS ING FUNCTION

OF IFT AND ROUND NUER

x's may be chosen by firar but are > 0, a given constant

c16
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TL -¶ > As a constant (measured from time 1-at round isfired).

I ~The selection of x1,s~ etc., to obtain maximum probability of a

kill in time T follows * IYAximum nmober of rounds which may be

fired is M 1 + CT/0J where [xJ largest integer contained

in x.

I n
PH(n) 1 iI

I -an unkn~own constant to be determined.

THEOREM: Optimal X i'a are .

such that X c1Is are determined as follows,

1. select a fixed n,

".1 2. solve

(n - ) 1n(-) I a~ + ~ -~l

for X,

- C17
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replaced by a -l and T by '-r , and

b. if X > Os goto 3.

ix• In + 3 / n - ,1+

i .. repeat process 1. t•rough 3. for n 1,2,...,M ,

5. for every n, compute and,1)
Fri 6. select n for wax PH(n)

.ii

c18
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1. FM - CRIFT

P(H) -

j go

i-tc

q'i f 0A&G2U e d

H(t) j (tu

Z%(uýiu)

G Wu)) - n0u)-1 )ý()WA
N 3- * "uG

- in~

1 r p1 pou)

11 (pu)q~

~ 2 KK

* p

n -1.

is . q0AG
Iuuat fTm-oHt()I em fCmlnso-F

1 *p. 3.. p Il



lpK+3pq~w + q(i + qjýlJ

p

V. + yp q(4 ýLK + 22c +6ql ) a
V. E~ 4  1 4 K1 +3 'Y ~

+ q(p + 6pq + 6q)

Example 1:

x n ed(r)

h~~pr - ire

W & A H~t)- F 1 epr

pre4

A6 t

W&Al (pr

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ H_ _t ) e ;
.....................O,. *
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In .. L2 (n-)

Example 2:

X - Erlaxg (2,r)

19(u) -AG

-2 rt 2rvr 2r"r
H(t) - .. ±hrq

a a n 2rir
0.6

-2~ r:
rqr~

0 x8 1 3 49
068t

/A~
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(in - iu) -(nnn

h(t) * -r
q

n-i *nrtq*

A6 h(t) -no

n-i n

Jm.O 31 sj in Dr klnj,.

k-09 k,~jn

II MULTIPLE HITS TO A KILL

A. It ITS TO A KLL- F D

4(u)

PON)

C2 3I~
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F~~ftK J] ttpos

* (uy) uy Q(ul

le Let X necl(r)

0(t) F' h (t) pr ne[*-F- lB

rp (1 ii

C. ~ j~ LIMTE JMUIIN-RHT oAim ( P D

~~~JPC V ilitX nd

gC2 4



0,, (u)- q ,,,,,0R , )

*(u'

.I.

PER) ~a+Z±

1 : Let X /ed(r)

r• ( (-c 0)) u

'11F

Kw P[R il 0 ei m 0,i,2,...& Ki

C25
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01 u 1 -q (u) Ct a (1 Xq4 ()( - +x I

-E, , + ,( )p"q ]

"i-I irno I-j 0

Example:

- (a-Q)•x -00,1, 0,...

V, F- )eJ 0#0IlD 2 D

X ned(r)

(u)p - u Kw&Bl

E. DAMAGE

- rv, damage infMicted an a single round

1. Damage As a Function of Round Number

Let

rv total damaq (in k rounds)

-D(k) D1  where D are lid and D

•t

C26
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Lot rv no. of roud to totaldamage <a d (d).
Therefore

P[D(k) < d] - FD(k)(d) )(k), k -o, ,...

vith d <b (killing damage).

IGrd() •PN(d) (k)•

k-O

Tvo Caes

D Is Discrete

P[D - 1 pD(J), P, (J) 1 S, e X

Iwo
GN(d)(M) - .+ z PD(1 C

-. b. D is ContinuousiP[y < D < y+ dy] . D(y )dy .
GNd)(z) 1i + z ON(d-,)(z) fD(Y)d

For Either Cue*(u) - 1 - [- (u) %(b U)]

<LV. 

C 7
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Examle: X ned rW

PD)(0) -a PD(1mW 0 1(b) T , a+ + Y-

+b iu 4

2. Damage is Time-Homogeneous

P[Marksman fires and increases damage to target by amount

I in time [t t + At = p(IA)t + O(At)

where

z PD(")PD

(n.b. probability of firing and probability of dAmage are

both included here. Non-stationary Poisson process).

D(t) = rv, total damage - up to time t (integer-valued)

FD(t) PfD(t) < d) d < b (killing damage)

Let
%!'

GD(-) - i 'ilPD(S) ,

J=i

G ) S d-l F(t) (d) 1 e D

d-1

C28
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h(t) =coeff in the z expansion of - z
b-1

-[pD-zGD(z)lt
"' • e

or

4(u) - coeff in the z expansion of zD
:b-i E I ...

S[P" D(Z) - ju"

3. Damage is a Function of Round Number and is Time-Dependent

P(Marksman gires in (t, t + At) In rounds fired previously)

=rn(t)At + O(At) '

P[Marksman fires n rounds in (0, t) " pN(n;t)

n.1. essentially, a non-stationary Poisson process

for each round fired:

P[Miss] -x, P(Damage but no kill] - 0,

j ~(maximum tolerable

P[x < D < x + ,xj d e) f,(x)dx x _< bs A e)

n.b. target I.s destroyed either by killing or absorbing

damage > b

of" of D(x) - (u)

C29
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n(t) -rv total domiae e $ (0, t)) target atill alive

FDt)x W PLD(t) <x I target alive)

ct of F ~)xir tx u*D)(t)(U)

n0

*D(ti) iu

r+D du

T rv time to akill; W~ (t F*ITK > t)

7F N'L.p(n t) r W
K ~ n-0

h(t)m _Y pN(n t) r(t) FD(t)(b) (b N &t NJ1
__ n Ti (t) FD(t)b

III. ROUND-DEPENDENT HIT PROBABILITIES

A.* U!NLIMTED AwNwq'ITION

p n FHit on n-th round In-th round fired)

N~(n) - -PLHit on n-th round ,n-th round fired)

c30



~J-0

n-I -

A(u - (U C~4 u)l ~ )q
ni-

W2 or ID(u) -GN( 4(u))

*(~) U(Y) +. HY -j 10()

Exa~mple 1: ni,-

- 0 ;J N+10N+2,..j) Na0cntat

a+Nd; a> 0

N-is-4

-1u + - 1 4u))]
and if X ~ ned(r)

l(u) 3. 1 + u 13 ar j]
(r - ii)N

c31
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Example 2:

qj ; 3 1,2,.. ; lq 1 - 1-.t round hit probability

O(u) -13-f - ((u)] e•p (q1 4(u))

& if X F Erlang(2,r)

(r - u,, +,u(u+2 fr) .ex ,, J
L q(u) (r -l

Example 3:

Same as Example e. except, let X - ned(r)

r iu

0(u) - -. I Ali

Example 4:

n( ( l k l. f- I n, ,. .
n)Pn

tk 1

monotoneS~~non-decreasirn g

" n + N (nfor 1> l (

J+:c

c.

C,-
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Define

k ~ ~ + 1k(1-I
,z np(n)

n-I

rlir p(n) - Geometric (•'-p)
k'O

�n " )(e-q/P

- 1

.. .2I
MI1E •z.u~iui w1ere f + + "'" + , where

> n -p(n) where there are c samples

•'k is the solution to

+ I'

_L+... + .: )-. "f-- . 1
- (£~ Ik+ n -) k+ 1

C,,



K ~~~~F -. C() R- 1-L *u

k+
4(u (u) 4Hu %4 2

w(U)YmuY + e 3 nu]±''f ,wir

n-0

In

* -py U(Y +(u q4 r~n 1. where

kIh(t) - h(t) + a ~~(t-w

2. Mmunition S pply a RV

3.-l a Lau Bh5

900(U) a cc fl % i(u)
i"w n-

c34
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,. cam

.1*( 5 YumU(Y) + q

where 2-nd term in brackets in zero for 1 - 0,1

Z; ®luI 4"(u)

i h5 h2:- (t A % (t--)
cc, qn8(

qo(t ) , p( ) (t) + q , o ° t ) • • d :

I

/of'
ho(t) f (t +: b(-),(- w) fw.,,C)t

1,/ 0I

h (tU-r) a (W f ýh(t w) twdw -1
0 t

'I ((w) (u - W) 0(u w)dw

it5
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O(u) - +(I) 1)- -] (u)

If fl(w) has one (not necessarily simple) pole at - in

00

S~~the :lower hal.f of the complex v plane., then ,

SCu(w) 11M (u -w)dw (known)

and :(U) S(u,wO) + s(uwO) QO(u + WO)

0•;i ~ ~or " " "!

0 (U)I S(u +kw 0 1 wo)0 ~ k

Example 1: X " ned(r), q(t) eit fl(u) - v)/(,- u), then

S(U) WO) r+ -iu

U 1. I It

%(o) ,•e Z kTr, i<. ,+.,,.T

0 ~-rt 't.Trp~e-Pt..l]hO(t) re rte-t e-nr/

h(t) " re-rt e•"•r/ 0[e O'l (13 . e"t) . A7

C36
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Example 2: ned(r) only:

p = p(t) - continuous, integrable; 0 < p < 1

lim p(x)dx -- "..

- fot p(x)dxU

,,(t) - rp(t) •

Sub-Example: A Closing Engagement

p(t) )- ; 0 < t < to a, r ,Y,t 0 poitive constants

a } to a< iivtf to<r(r. - ) - O 0
3 0

t p~x)d - at0 < t <-0t r (r.• to

a(r t -vt7')
0 3 0 t>t

r (r. - vt,

Example 3: p as in Example 2.

r(t)'At + o(t) - P(Exactly 1 round fired in (t, t + At)]

vhich means firing is a non-stationary Poisson process,

- ~r(x)p(x)dx
T3 h(t) r(t) p(t)e orx)() .:

C37
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B. pA FUNCTION OF TDMI SINCE LAST FIRING

P(x) *P[H i firing at In" x),* i.e.,, hit probabillties i3oafrea icticn

of IFT

q(x) 1-p(x)

of q(x) rI u

Limited Amunit ion Fixed at k Rounds

(UL) -
4 (u - )flAX(w)dwj $a)

F (U) - O; v N]eiuY

LUcY) 1- STU e

01u [4(u) - (U)] 1-8(u)

h (t) la 1(t + 5 (t - " fXf(x) q(x)dx]I

Exampl1e: X .~ned(r) ;unlimited awmuition I
q(x)-a-O

0(u) - re BhL

C38
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V. LIMITED AMKINITION

A. AWMIUITION SUPPLY A RV

P[zm± -i ; P[ImJ *c;cxn+ Z

J-01-0±

+ S(t-)z aqi
lao

*h..(t) + B(t a, q)

1-0

it
H~t) H., (

A~oi~ { - cr rq~)J0

Hc~t) h~kf q~t + al O

1-0Al. ID(U

C39
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imo 1

P(NnIH) I01 P~~e. + L i~

imf

E(N H) -P1

P(H H) o

FkH [(, - 2 1
-

P(N > no H) - ~ + Zt~ i qi+1)

P(Nmn R) a q n
P(~) f

P(N n) -a, n 0o

*r + ax.+c~~
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B. ANM'4LTI.V1 SurrpjZ !.mj)

Ctk 3. *Io 1 k

Al PRO) 1 -[ (q4(u))k]

P(H) iqý 3, iP(R)

P(N nIH) n-

E(N H) k L ;0

E(NunIH) a 0p ,H+

n 1NnH) p(H) q nkq

P(N n) 0 n - 0n> k

n-1
~1pq i<n< k

A &Gi n k- -k.

C4o
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Eximple 1:

(3. a., 0 0~0 a <

X ned(r)

a a.[ (1 Pc )
-(H k - (

a (- (lH)(l aci aicP , 0; 0>01

-rcz)q a + ( i - (i(r1 ( - a) (1 a] O.,l

P(H)(H) (17-347)3. - a)

C (unH - a. (1, 2i-(1ci- a) (>1 -a

E(NI H) 1 1+ f Qp (--c
P(H)(1cq p 1-aq J

aq(l - at)(. a,)(1 + aq)

-( (a~q)'

c,42
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FM -CRIFT

F( > n o H)a(IT7 ]n

P(N n) -00 n 0m

A&G1 w n-I n >

Example 3:

00 -

1+cta a >I

0 k + I; k1 k+ 2,

X ned(r)

A3.0
A&Gl 01(u) 1- (I . ~k 1+ '

pr-l 1+0i

Example 4

X ned(r)

Pr -exp Pri

re .

-C4
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Exam~le 5
•.- 0; *i (I"cx~c ; 1-1,2,..., ; O C

X - Erlang(2,r)

S(2 ) Al
(r- iu)• qr

VI. RELIABILITY

Weapons fail on firing. The preceding nection on limited ammuni-

tion can also be interpreted as a reliability situation.

pA. CONSTAT PROBABI LITY OF FAILtRE ct EACH ROUND

p - probability of a bit

q = probability of a miss

w , probability of a failure (i.e., on each round fired there is a

probability of a failure). Firing ceases at a failure.

tp+ q+ v I

ho(t) - , vq1' fi*(t)

N(U) Y u1(U) + to(u), where

0(u)

C£,I.I
c44
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* € (u) - ia(u)a

ExRmple 1:

X ned(r)

h0 (t) - r ) rt

Ti h(t) . Ore)

B. RUND NU)UR ON WHICH FAIDURE OCCURS IS A DISCRT RV

Let K -RV,, round numober an htch a falure occurs (it is
discovered mie attempted firing later).

P[K k+ 1 - ck a P[A failure to fire occurs on round k+ 1

k=O

go a
i-i k1

.- -

t) - (i+l)*

~~~~ [k 0 qk (u]

01(u) " Z 0 qi+l 4±+l( Ck)

1k0

C4I5
.C'45~i
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GZ)a 1 2 (z tra~nsform of K)

1-0

,t.KG G[qq4(u)

01(u) P ý(H) 1 MU(UA

2wj1 fu G(u q$ (u)Q~

cf ofr t W

__________ 'U- (udu 4 C~ Q(t)d

PH (U)iJ H L7

p(H) ~~~O~ Iy) - . j -[Qw) - 1)~dw vI
1 (w) 1dw

2 -7r-*(

n+ I w

c46
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fT (t)
h0 (u) P(R)h(t) e -~L u[()-1du

H 2u

TL ft 'u *(u)du

L

to(U~) (U IO JW [CLW(, ) - 1]d

a~( f ~w) 0 (w)dw

21ri I f

u L~u w)jU

h~~t) -W-,Cw hHt)PH)+hdt p

2T t ril I 
I

L
-2

4 pr T24 ~~
2 2

- 8v~r (2r + lI /)
[((r + 1/,r)2 4r2 q)

c47
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I~~(H) * p +r

-P(H) IIH(t) 2- e a~+1¶ slh Zr 1Iq t

B. TL A CONSTANT~er

h() P(H) hii(t) - j e4'Ut 0(u)du t t<

0 (U) P(H) *H(u) - I

P(H) - 0 (.-u)teiU 1]du

P(H) ... i....,n wilr -ld

27y i - u

h0(u) - P(H) n(t 1 I(~) 0*U¶~)-ldu

f -eU (4(u) -1du

JL

__ 0 i(u-w)¶T

0 (ii)*R(u) 17 fo e 0e -l

- ...L f i(u-w)¶*ww
2 L *1

F~ii -1P(H) fe urU1 m.LfU

e [1,(w) - 1dw - ¶e- t(w)dw
P()2 (H i ri wo -Ai

c48
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A &G2 hN)- i(t) P(H) + bH-(t) P(Ri)

VIII. INTERUPTED FIRING
Firing with Weapons Which Fall and Can be Repaired (Replaced)

Marksman fires until he hits or weapon fails. Time-to-failure in

an independent rv. Time-to-repair or replace is an independent rv.

Process continues until marksman hits.

A. LIMITED AMMUNITION - FIXED AT k ROUNDS

rv time-to-failure TL - ned(rL)

rv time-to-repair (replace), nt contact - Tt with cf Qt(u)

-L - time since last failure

q(rL (U (+ ir f of Improper
0 (u) L (rL- iu) - rLl'- *(u + frL)%(u) pdf# time-to-a-rL j draw

¢iu-r dy- Joy€ý )
T(u0Y) - [U(y)+ % (u)] e

rL(rL - iu)[i - g(u)] 4(u + ir ) L O

1I ~ Ly L L*L(r r- iu)Fl - q;(u + irL)J - rL(l- C(u + "Lr 1 %(u)

where

((r - iu)[qý(u + ir -L 0 (u)] + rL[1- + ir L)] (u)

Q%(u) -
0 (rL - iu)[1 - q4(u + i rL) r -L (u + irL)1 G(u)

p(rL - iu) 4(u + i)
(u (rL " iu - q (u + iL-)] - rL[l - *(u +"•,'] {

(r(r iu) 41(u + ir ) I M

1 [ (rL -iu) C~l4u + ir fq k

C49
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B. AMMUJNITION LIMdITATION A RV

P[I -i)-ca,

F q(r~. 'u) 4(l. + ird)

- L (L -iu) - rL1l - C(u+ ir C~ j)
i-c

4(u) -(L - iu)l- pr~u) 4(u + ir
r L u)[1 q*(u + irLJ- r L 1 - C(u + rL)ý-M

~. - ~ (rL )(u + ir )q]i

i-c

C.UXLnhITED AW4JNITION

4()P(rL-in) 4(u + i
*1F )[3rMu + ir El RLt 

- + (UT

Example:

UraJ.mited aumuition; X ned(-); T ndr
C

pr(iu-r)

o(u) l ur Bh3(4)
u+iu (ý+r+pr) prrý

C50
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D. UNLIMITED AMlJNITICOq. EXCEPT FIRING CO!TINUES FOR AN UNLIMITEDU

N.ER OF HITS

I.e., firing never ceases and the number of hits is counted.

X - ned(r) (derived in a naval warfare context -- submarine

versus anti-submarine vessels)

Time in zero at initiation of first contact (combat), and

X C - rv time in contact - ned(rC)

$_(u) - cf of X ' -rv time not in contact
C C

R - rv number of hits

TR - rv time to R hits

- rv time to R bits, not in contact

%1C - rv time to R hits, in contact

RC (u)- cf of DF of T

(u)- cf of DF of TRc

Q,(u) - of of DF of T1R - R (u) + Ol,c(u)

TC - rv time since start, in contact

T - rv time since start, not in contact

a(u) -cf of DF of

Q(U) -of of DF of T

C51
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G R,C (-iu + r + pr -r *u) -prz)

C C uC

RC rc + r c 477) - prz]

Expanding in powers or z, the coefficient of z~ in 9 1~(u)

and Q _(u)p respectively; also,
i, C

a~ (1) -of of P[Being in contac at time t) QC(u)
~DC

o _(1) -cf of P[Not being in contact at time t] *Q (ia)
PIC C

NC -(y ) e

where Ycis time since last contact

* juO) r TC "RCU

a (z) * rC GRzC
C

EaMpl1e:

X -nod (rý)

r Cu

G(Z) -G ,OC -U' iu (rý+ ~ r -r Pr: + E Prl U 0
cC C

C52



G (z)-ui( rc (l )L2
RQ _ (u)-ý + (r)R +(r -iur) +rp1 l-z

CC

(u - IcP) ( i)

1:- -iuýr + r + pr) + prr

B,, C
C +r

r&A C~LaRJ prr.- u

CC

n~b, inc frin i unimted tis onain tme o:1~~ hit (when + r 1 hits h+v ben a tc

MA rtie-of-ligh (TOCF)

TM -~~~ r tim-tohttre
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Fm - cUFT

h(t) w pdf of T M ef - ON)

A f (tO - pdf of X ef - 4(u)

A. NODELAY BETWEEN RMJNDS FIRED

Ma~rksman fires as rapidlyr as possible; then TK X* Xiae

'-X ilp2,.p. till a killing round is fired. T * TK + TY

OK(U)

pWu) 4,(u)
*(u)I -- q$(u)

iuT

O *U hen T a constant.

Example 1: let X ned(r),

h(t) t t p
1-pr-rto, p

-(pr)' te-pr ; t> 2 pr-

Exsmle 2: let X ned(r); T ., a constant.
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' hit) ~- r(t-'T) ,t > .

iu¶T
"(u) - pre-iu

B. DELAY BETWEEN . S FIRED

Each round fired Is alloed to lend first and then the process

starts over again.

TM - (XI + TF ) + ( + T ) + "'" + (Until target is hit)

Op4(u )4J(U)¢0(u) - Mu

u) .( u

O- )q(u) e*iu¶

Examle: let X - ned(r); fT,(t) e-t/e

A3 (u) T- F Vu) qr
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C h(t) - 2DrT * Z, r--i .j•,•. (•.4prT + r.,- ,• ,,• c1 )'

where 1 +pr ) > (1 + rr

~ j+ r¶ j

sinh 7+ 7ýp

where a +r'r)P > i4pr'r

C. LIMITED AMMUNITION - RANDQm I=DENDENT AMMITINc RESUPPLy
DELAY PROCEDUR (IFT AND TOF -ALT PWNTE)

Sk0 -initial ammunition supply (fixed)

k a replenishment supply (fixed and same each time)

Replenishments arrive randomly and independently of the firing

process. Inter-arrival times, Tw, are ned(rw). The
subscript F refers to TF (ToP). Let TE rv time during which
amunition is exhausted with cf +E(u) for fT (t)

TE
4 (u) Cl C(u) where C (u) is obtained from:

rw[l - C (u)k) - lu

C (u) " •,{',,"W1-°C( - oiu u,{u r[-l C C(U)k] oul
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*(uPYF) - 'V.- u)*(u)

YU)u4(u) + "UYU) iuw r-f(u)dI

k (U)

0(u) O*(u) 4t(u) where C.W comes :

C2 (U) 4 4ilrw[l - qk Cj(u)] - iu4 4{rw(J- qk c:(u)] -

1. Special Case 1:

No replenishment and imuntian is limited to k rounds

(n.b., can run out).

K (U) I-w MU~~~ {i [ q$F(u) 4(,u)]$} qk 0a K(u) + kq

6(u) -"*i(u) 4(u) + q' "

2. Special Case 2:

No replenishment. Ammunition limitation is a rv' i.e.

P[i-] * CI c qt . Can run out.

C57i
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0 -4

K(U) C -1-0Q 1 qiY(u),U q -

1-0

10u) 1+K~u 4(u)o + a,(u q 1

kqko

O(U) -p4(u) 1 ýu -Where c (U) comes
from:

C(U) - (r11(1 - q C(uJ-i) .

EaM~le: Let X ned(r) and let (qC (u))ka 0, then

C (U) Yrw ±

( ko
J&l () r+ iu L rpr -iu rw-iu r + rW - Tu-

X. BURST FIRINhG

Tfet
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T . rv time between bursts

T rv time between rounds in a burst (burst Intervals)

z - number of rounds in a burst (fixed)

f(t) -pdf of T; cf of f(t) - (u)

ft0 (t) *pdf of T.; cf of ftG(t) - 4G(u)

r) -4(.-) Iuy - I )d
(uy) - , (U)Ia U(Y) + 4 (

L�1 q! 4(u) ý1iu)

Yuy)q4(u)[i - (q4' (u))2-3 iuyo - fj0  ?(L)dt

1-q4(u)[l - qz 4,(u) 4Z1"(u)J

p4(u)[l - qz 4~(u)J A5,

*(u) -[1 -$G(u)](i - eZ 4(u) 4Gz..(~

if G a, a constant, then

*(u) -v4(u)[ - 2! exp(isuz))
[1 - q exp(iau)[(1 - qz 4(u) exp(ia(z-I)M)

XI. MULTIPLE WEAPONS

A, FIRED IN VOLLEYS OF v ROJUNDS EACH

p - P[Volley bits]; X - rv IFTP between volleysK d - P[round in volley kills I volley hits], same for all rounds in volley

®(u) - [1- (U " d)'!] (u)
•i I [q + (1 - )v pl$(u)

WI



/m w -~

Example: Let X itdr

*(u) - pr.fl- ( - d)v]

pr~l - (i d)v] - iv,

B. FIRED IN VOLLEYS OF v ROUNDS EACH WITH LhIMITED AMMUNIION

Pi(u ) ]

- Q + I(- )~ pqIý((j*-

1=0 (i= i+

Example: Let an edrv

-r(l - ci -p(l (1. - d)v)])

1- af1-ap.-dV
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C. MULTIPLE WEAPONS - USED SIMULTANrECOSLY

k weapons fired simultaneously, each weapon

X ned(ri) and P[H] a pi, i ,

-pi rt
Pit < TM < t+dt, i-th weapon killed) - pri dt

h(t) I Pi rl e Bhl

i-i

D. MULTIPLE WEAPONS - USED ALTERNATELY

Marksman fires Z weapons alternately

Weapon 1: k rounds tired each time with IFT tx(I)

Weapon 2: k rounds fired each time with IFT f X2 (x2 )

Weapons have pIp'• kill probabilities, respectively

Start with weapons unloaded

Yl . time since weapon 1 fired lUst (no hits)

Y2 a time since weapon 2 fired last (no hits) Bh?

(yVl)fl- q 1 (u)]1- [Iq1+(u)) k kq2 (u)) 3 + q1 $1 (•()

(u I %q2 (u)]~ [q141l(u)J + [q1~1(u)1 [qc2 (u))]

""I-q 14 1u)]( [q 1 (u)] q [.+

yifo ='A ( E)dg
* e

C61



FM - k.'F

V . Y(u,y 2 )

(k 2  7I W2 4() 10 iu 2 -x(I)dt
42(u 2 42 (u)J

* L q~~~+ 1 ( u)jl ~()(i-q 1(u))[ i-q 2  (u),., ,(u). [4 2 (u)

Exml. etk -k 1 ,ra esetiey

~k , - u
S[,(u))] 1irz u]()

0(u) k- . ...

Exml: Let k, - k? 1; Xl'' ~ rlpr2' respectively".[

r r2 (1- q 2 ) - iplrlu
u i( ( + r. iu r 1 +, (1  - qlq 2

E. MTJLTIFTL WEAP•NS USED CONSECUTIVELY - EACH USED UNTIL FAILURE

1. Marksman has k Rounds Initially (Ammunition Limitation) and m
[:,'•:•,•Wea~pons,

"Let X - ned(r) and TL - zv time to failure; same for each

weapon when in use - ned(rL).

rrLu - i 
rrrL-LU

lw'r-,-i I.r rLoj-
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()-

pr+W iu}

rr I rTI (k (mk) 1
L r+ rL-iul

2.* Unlimited Ammunition, Random Initial Supply of Weapons

X ý. ned (r); T L -ý ned(r L)

P[MinM) Z Ct-
m mO

rt L
SO ~a)m( pr + r~ -- i;

li 0(u) z- - a~ p rL~i m

1 p um p

-t (a)cpl

C63



[ FM CRIFT

/ pr + rL iu

IL

(¢u)- - ÷ - '"n

(¢u)- pr + r(\l- p (- ) L " u

SUnlimited Ammunition, Fixed Initial Supply of Weapons

x - ned(r); TL ned(rL); m number of weapons

SrL \M
%(u) - rL u

Bh6 0l(u) - - i m
pr-iu pr + rL =u

XII. MARKOV-DEPENDENT FIRE

See FM-FIFT for notation. (See p. C7 )

A. POSITIVELY CORRELATED FIRE

Three State Firer

S[Hi IHi- Po; P[HIi -l] " ;1

"P[H] p 1-pO + P 0 Corr [HiHi+1]) PO "P

P[K IH p

C64
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H HK K

,,iP 1  P1 (1 -Pk) Plpk

K 0 0--( r
Le t

(1P., p, ~ 0 ~)

W T(I p-

E(T I Ef]I E[TJ

1-OP( J.( i -P) -I(-(l n-EiNCUM

M i - C
2(U 4 2

*(u) - 1  C7 u

where

C65



-3 +- .- .(

B -cIF T e

:! it

D (r 0]. 0 ne

r -r:i I~~pd IF when insetate EL - ri e

* 0 , elsewh~ere

0 0 ..... . . 0

* .
0 rr0•

A(i -~ O.S I) H" ...t

At
h(t) - A•~ n

XI m 0O
t, h - t ,..,e,,..., ) where <0o, i -l,2,...,m, ?o "-0;

we note that the is are the characteristic values of A and if

A has m+ 1 linearly independent characteristic vectors, .then let

c66
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X 'e the matrix of characteristic vectors of A

TI
TE0 be the zeroeth row of X

be the a-th column of X

Ht 1 + 30D(ei)

h(t) 50 D e Ia
C. MULTIPLE WEAPOS: TWO WEAPONS FMJh IN RANDO,

MARKOV-DEPENDENT ORDER

Weapon 1: IIT-X

WHit 1 Probability p1 , q, 1p 1

Weap•x 2: - I
Hit Probability -

Firlng order determined by transition matrix

Weapons 1 2

F a•12 - 'i' , firing starts with Weapon 1

C -1 - qjpn~ 4ýu)-l ~ (uu - q, q2 (P1 1p 2 -pZ 1 )4 1 (u) ~(u)

- P 4 1 (u) + qlq(p1.1 2 - pUp%1 )41 (u) ý(u)
C

c67
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*(u,P 1 ) - [u(y 1 ) + Oo(U vie

-p. 2 q, ýl (u iU72 - 0  (Ot~d
*(UY2) C

d:( u)r

[ Ll+ (~Plp 22 -9 P1p 2  Wl~()

Example: Let X ned(rl) and X2 ~ (r2

CIC2 - iplrluC'(u) (C

where

c1 t- 2 -r lq~pll) + r 2 (1 -q 2 P2 2 )

Bh8 C C2  r 1 r, 11 qlpll q2P22 + qq•l2 (p+ p-,2 %1 ))

XIII. MISCEIALANECUS RESUjLTS
•, •h•THORE: Let -, H rl• - pp• 1e• + po • • :)

T1~EE: et f ) , PH)-1p, P[K H) p. and p~,

constants; however, conditional hit probabilities vary depending

on prior history. Define the positive correlation as:

P[H I hits on specified previous rounds and miss on all others)

>P[H I miss on at least one of the specified previous rounds

and miss on all others]

Then, firer always does worse with positive correlation than with

independent firing.

c68
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n.b. (a) any hit may be a kill, i.e., overkilling is allowed

(b) this is not the same as the usual definition of correlation

(for which this theorem does not apply). It is stronger

than ordinary correlation. I
This theorem does not apply, in general, to FM or FD but may be

specialized to apply by making the first kl1 sa absorbing state. Fil

C69
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I.

FUMA•EITAL DUEL - FIXED =NTERFIRING TDMES

(FD - FF) .

iI
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I. FD,, FIFT
a

XA a, B 1, where alb arf. reZAtively prime integers

and al/bI is rational

b a+

P(A) = B- qj qBm+[xj]

PA j o-a
" b a L qi.qB

a-

qA B J-O 0-

P(AB "'P P(A) B b- b-i a-i

b qa A&-W(Jqbq
1-A

q__ bj

'(NAunIA) ..PA A

b-i Ix I

b- bA z (a + 1)(q)J q__
E(A b) - AB + a.0--

b-o

qA71 qB-TE(N~IA) ab
2 b a(b a) Z q~j

A qI) (I - qaq (q qm)a +
P() 1 q) qq) A- B

A A c-



FD-FIFT

2b a~q b. x
+ 1 +a 1)q

- a i A B B

+ Qj+ (i) q;) qEXj] I

a-o [no/b I

(bqa)

q q a (q~q:)i qXj + Z.(q~q) q(X

where ?n [no blfLj,1 i.e... the remainder when no is divided by

A&G1 b, 0 <~ < b

P(A) P(TD nalIJA) - qn- i (ab n 1,,.

A &G2+ P[AB) P[TD nbal lAB] 5(t -nba 1)

Example 1: Let a mcb1  with a c blI and c a positive

integer: i
C72
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A %B PAPB qB
P(A) and P(AB) -'

1- q lq

Example 2: Let b -Ca with a il b c and c a positive

integer;

P(A) and P(AB) -i A&Wl

C C
qq% l-q qA

Example 3:

On the following page are three graphs, as follows:

(a) From Example 1 with c = 2. This is the same as r. = rB" The
right end points of each contour are at )B = 1 - - •

(b) From Example 1 with c - a = b =1 . This is the same as

rA r B The right end points of each contour are at

1 i- P(A).

(c) From Example 2 with c =2. This is the same as rA 2r.

The end points of all contours are at PA = P(A).
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, j!

10.2 4 6 8 .

( pA)
•.4

lii .eP---):.:9

!.,.9

.2 ,.2, --

0I
00 .2 .4 .6 . 1.0 .0

APA

.8 ..//.

93 (4 PIS o) P (A') 9

A & Wl The Fundamental Duxel with Discrete Firing Times

.77

PA PA
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II. VARIATIONS OF INITIAL CONDITIONS - INITIAL SURPRISE

A has time ts in which to fire before B starts

- cycle time - a b ab

y number of rounds fired by A before B s first round

"r + 1 where fx] = largest integer < x

In X time units A will fire b rounds and B will fire a rounds

*Let cl =qi, c. -l-q'

In a cycle there may be either 0 or 1 simultaneous firings.

Let M - a4 b, and define

T T * T T if no simu~ltuhneous firings

T

*** *.......... T M- I 1 if one simultaneous firing

t

tl t2  t3 4
0 1 0 0

0 0 1 0

S0 0 0 3

There T or Or depending on the order of firing

in the first cycle, i = l,2,...,M (or M-1).

C75
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S, 0 1. 0 0 0 .1. 0 0

ZD-FT

0 0 1 0 a 0 0 1 0

0 0 0 1 0 0 0 1

S 0 00 1 0

0 0 0 1

The firing order in the first cycle in determined by:

tAl a time A fires i-th round - (i- 1)a,

M~ time B fires J-th round -t 8 +(Q - IN

j (n.b., A fires b rounds in cne cycle; B fires a rounds in nie

cycle; and B fires his first round at time - ts).

After J Cycles

P' 1 (no hits] C all

P'1 [A] c 2 + (l. t)

1 -t 1

Ilt 1
p•rIAB. ]t (l - t ).

16 t 1

C76
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P()- l- q• + ---•t
q-ti

1 A I t

P(B) M

- tI
1 I-

Example: let a b with ts < a

PA qAPB
4 P(A) - A and P(B) I

P[ (k-1)a+ ts < T < kta+ tsA is alive)

k-i

(q q ) + pA 2 (qqB)

J=0

P[ k -1)a < Tb < ka, B is alive) Scl

S-0
11

II1. MULTIPLE HITS TO A KILL

Alternate firing, i.e., a, = bl; ts < a where:

R - fixed number of hits required for i to kill a (either may

start first), ia = AB

lLP[i I J] P[i wins given j starts first) , i,•j A,B

I C77
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Let C - min (Ri, - 1) where i is the contestant to start first

(A or B)

FIBIA RAA+ - R A 1A (i

1-o j -o0

P[AIA) 1 - P[BIA]

To obtain the other probabilities, interchange A and B.

Examples:

PAA3 PA' B 5  PA a PB m-5 PA a. PB m .7

RA RB P(B'A] P[BIB] P[BIA] P(['D) P(BIA] P([IB)

1 1 .5385 .7692 .3333 .6667 .4118 .8235

5 3 .4257 .5010 .1139 .1728 .2576 .3579
5 5 .8201 .863o .4512 .5488 .7414 .8381
7 5 .5955 .6541 .1674 .2266 .4159 .5278
7 7 .8695 .8981 .4599 .54o01 .7981 .8669

1o 1o .916o .9330 .4671 .5329 .8545 .9002

ZII
TV. LIMITED AMMUNITION

A draw occurs if both run out of ammunitionp or if A and B kill

simultaneously.
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A. AMMOUITICN SUPPY A RV

loet XAU a, and XB bl;

P(I a )mca~ P(T a 4) a, a-,,. and cZ.+ %i
1-0

P(Ji -J) - p P(J j a~. 3ini2,..., and Aa+ 7, p u
J1-0~

P(A) qi A- +

3- [na/a 3+

pVpB - -1 qVa-1

imO J-0 Val

(r~+
i iVb '' 3va

P(A)

3-0n
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Occasionally, in what follows, there are sums which may have upper

limits vhich are less than the lower limits, under certain conditions. In all

such cases the sum is to be Considered zero*

- a k-

-0o k1 i-k

. aO(l. Zq•j)+ (l1.o)PB - , + a ), b >

iJ-o k-l J-k

where n 0.

PCNA innB) P(B)

A n '[na'/b] k1l• qB( + ptna/b]+j)+ 01i) :[ [na/b]

A ~ n B k1 B-knel J-k i-ni

k.1/.1• (~l [n/b "CO,,, •,M J)
* ~k-i 1

k-l Jjk

where n Opb,2b,2..., and n+ 1 Ob,2b,..e p

P[NA "n i) P(B)

n k-l na]
% qý-'(Poe (cf.,+ a1i) r n/
k-1 i-k iinn+ I
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k-i k-1

litwhere n Opb,2b,..., and ni + I b)2b,...

P(NA n B) P(B)

n ((na/b)-ii

P( A n niP I B) P.(B)

+a- k-i(/)-

+ ~ ~ q Z PB1 P -
i -n+i 1

cE 1+ ( ai-~
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+ n•> and b-i

P(NAUnIAB) an 0 1~nr= oj q where n bo2bo..

P(NA -n ABi)

i n _n-i (naA)-iA(AB) q 
Bq n cr 2q qj

J-(na/b) )
where n - b,2b,3b,...

P(NA - n) P(NA - nIA) P(A) + P(NA - nIB) P(B) + P(NA nIAB) P(An)

B. FIXED AMMUNITION SUPPLY "

Let czk •i, cr " 1 "O , i 7 #k ,

02 i . i mo j,'0

P(A ) I q B(l A n 0

C82J



S

FD- FIFT

i'=PA n-"l ,n/b + _< 1 _k
Iin i

PA 4A q q

- 1- A n1 > I•I

"where n1  [ n b/a)

q •i k < nl Ja- ,1

9"q.A nJ4 > k1

S= m _k <b o~rd 9 a
where o = [k/b] and li - (ia -

P(B q kL q k >b or- I >a

k I
AP(A) = P(NA 1> i+l,A) - P(NA j+IA), using 1= =,'

where AP(A) is the increase in A's kill probability if A's

initial supply is increased from i to J.

P(A) P(NA = n IA) PA •'- q

n-i (na/b)
PA nn

"1 n, kn-1 I
j: = PA qA B l>kn-1 [na/b]

,c PAq € k n
P . .A n 1 >k•-
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•, L,.B A A

E(NAIA) nP(NA n JA) -qBtkqA- (k+ 1)q' + 1) nI 0

n-l

n-i

kZ n-i [na/b]
P PA nq A % k _< n 1 k

n=l

kc + l3- - (k + l~q k + 1 n > kA 1

1( k0 q, no0
P(A >noJIA) - P(NA - n1A) -qBA A

ti-no S• ,nO

- n- n-I 1nl k(/ no<•Sn.,

q B qA q A n 7, 1

k
A qA Z q A - 1 [na/b ] k < "n k1

n no

no-1 k

- 9 1q n1 [ab n1 > k1

n- nontia I:

.4

( A _NA,

AP(A) -P(N ? i+ I A) - P _ > J+I1,,A), using a,. i

where AP(A) Is the increase in A's kill probability if A's initial

supply is increased from i to J. ',
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Example: Let m [&(/b); [xj] [ (,1+1) j hrb m

also let a- (I -cx)cJ, i -0,01P2,.., a -"0;

j - ,,,.,and . -0.

-(A + ppaqb(q))

P(NclIA 1 - (al / p )a ~p(CqAfn/B)

P(A)(l - ~ c (1_ -aA~ (p

H EP(NIA -n _____ L.
:P(A)(l1q~ - -qB-

P(A (1 - A&G(178

irA Qnon(Pl

b~aqAý(PqBI

V. TIME-LIMITATION

A draw occurs if time runs out or both kill simultaneously.

~~-~iizi~c85 i
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'I

A. TIMELIMITA IRV

Let TL-tm ii rv where fTL is thePdf Of TL and let

XA al,- Xjý Pbl.

?(A) p A L q' qLaIj J ft (t)dt

F(AB PA (qbqi it)n f f (tdt where AB, a Event of
Q~qB j nba1  TL

u mltaricous kills

p~~s) * (qlqfb/alf (dt+ n q(flIl)b/aJ

(n~l)b1

mm 1 y

aflni (lS/b] n L ~ t.,ab
qAB fT (t,)dt + Aq

fr4la T(t)dt 1 sb

where A3ý Event t.im~e runs out befrore a kill; and where
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mi, m in [(n+ 1)b, [nb/ala 1 all ,

and

,mm2  - min t(n+ l)al, [na/b~b1 + b2 )

P(AB)- P(AB1 ) + P(A).

P(A) P(TD-nalIA) p . q Ab3 f T(t)dt

p(ABI) p(TD nballABl) A-B A f

nba, L

[t/aI] [t/bl]
P( 9) A%(t) - A fTL(t)

were

-egA(t - Pdf of time to end of duel, given time runs out before

a kill.

The two cases are kept distinct because the first is a Mf' and the

second is a pdf. 
A & G2

B. FIXED TIME LIMIT

Let TL- (a constant).

c87
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In/b

nti [na/

P(A) -nl'

Simnultaneous Kills

b-i a,-i
qA~ q ba[T/aib]

0 > rab 1 -ba

Time Ru~ns Out Before a Kill

[- (/a 1 ] [-T/bl)0< ¶

A~2 P(AB) -P(AB 1 ) + (Bý

n-i (na/b]
P(A) P(TD naiIJA) pA qAna12J

n o1,92, .dr/ab]

A B

C88
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Ct/a1 ) [t/bl]

P(Al) 9~t q 15(

gg(t) -P(A) P(TD nal JA) 8(t -nal) + P(B) P(Dinbl IB) 5(t -nb)

+ PAB1  P(D-nbalIABl) 8(t -nbal)

+ P( AB) g(t) A A&G2

Example 1: Let a cb, or ainc and b 1, where c is a

positive integer and f (l/¶)e-t/¶

P(A) P(T unal JA) is- exp _-a /)n A A&G2

lAB

c-

exp -qgi

ti ~ ~ PP -q cx - 1 ¶)L exp (_a /¶T))C]

P(AB PA) B 12
ti-exp ( -b1 /¶H- q qeBc

(A99

___________________q._ __________________________ -A q :e:&.(-b' '/. ;:



FD- FI•T

fEam•le2: Let a1  cb1, or a- c and b1, where ca isa

positive integer, and fT(t) ( 1 /0)et/r (see EZaple 1). AlsosTL

let P(A)u be the outcome of the corresponding unlimited FD, thus

•A % q%1• .
1-q P(A) cA~1

PAB U e* (&af-) - qq

This may be rewritten in previously used terms by observing that

a, lm/rA and c" alfbl rs/rA, vhere rA and r. are rates of

fire. Thus,

r A/r.

q qr
P(A)P_• A B

exp C 1/¶ rAJ -qB

0.0

0.8 O

0.6

P (A)

0.2

. rA

A2

C90

0y

.. ___........____



FD- FYIT

Example 3: Let aI cbI (c is a positive integer), from which

a-c,b "1, and TL - ¶ (a constant).

L

P(A) P(TIDna IA) (qq%)n A &

P(A) pA1- -

A~ B

- 0 , T<aI A2

P(ABI) P(TD -nbalIA2E3) -a (qqC)f 1 2 A&

jP(AB) AB B- (qq) , G

1 B

qt 0 ,tV/ A

P(A3•) g•(t) = 8 q•(t-¶) ,

P(A.l) (q qA qB A>

•J nPl' Let a1 =cbl, or a-c and b-i, where c is a

q1

positive, integer I•.d TL - ¶ (a constant). See Example 3. Also let

[IIP(A)U •e the c,:coaie of the corresponding unlimited PD; thus, M•

C1
Z - q5(t-.



rv -I _ _ -PIP

PA qBP(A)U -

Sand

P(1- C) [r,/al) r /r. (¶rAJP-U ..I- " -

vhere, as before, a, = 1/rA and c - rE/rA

0.6.

PA),

0- 2 -o. --- 'ril•a
0.2 .

0 L.O ZO 3.0 4.0 &o 6.0 7.o 0e.0 9.0 10.0

VI. INTERRUPTED FIRING - flISPACM•MFsS

A. XA X-. C (saa csTA.NT)

Simultaneous firing

p1 " hit probability for i
for i A,B

qi - miss probability for i .

C9'
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B * "near miss" probability for i; p+ + + - 1, i = A,B

A "near miss" causes opponent to displace and miss one firing turn. A

K• contestant is vulnerable during displacement.

- PA(l " B )(I AB B)
P(A) ( sAsB)[PA(l- sB + -A

AP -U A)(I - S)

(i SABB)[PA(k sB)+ PB( 1  A A A

Example: Let

PA PB A BPA l-. sA )PB -B B
then

P(A) 0 (<'A, PB.<1 and 9,>1.

(See next page for curves.) N.b., for Fig. (d), i.e., 9 = , the
curves are only limits as S -- •, the solutions are actually the

points on •B i.

B. XA XB=- c (A CONSTANT), t < c

This is the case of alternate firing with A firing first. Let

Pi hit probability, i - AB

C93A
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1.01.0

B I J/,,/I1/fx
Oo .Q . . . O o .2 .4 .6 .8 1.0 •

4 - "A-0.[

H .61__or .l2-1

.9

0 0'

0 .2 - -. 0. 0 . A 06'7e -o

1. 
1.0 -o52.4 . .8 1.0 0 . .5-

P(A) .d

.94

7 ,"00 1 -0 JzI
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q1 a miss probability,

Sa it "near miss" probability, pi + + si 1, where a "near 'aiss"

causes opponent to displace and miss one firing time. A contest-

ent is vulnerable during displacement, i A,B.

If, Ni - number of rounds fired by i - A,,B to a kill, then

I:;!PA[SASB ÷ A "qA B z]

G N (Z) .. . .... 2
A 1- ( AB A + rArB)z + B z

and

() ~dn-2  0
P A(n) (GN (z) ,n

A

B (qA + qB + rArB q +q

and

1(n) n-l , n- 1,2,...
'B dz 1  "B 1z -0

then

A B+ sA'B~ A+

C95iC95
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Sa P(B) - -'1- ( + q + q

VIZ. fl34-OF-FLIGHT WNCWDED

A. NO DELAY

Each contestant fires as rapidly as possible (i.e., does not wait

for round in air to land before preparing and firing next round). Let

XA al J XBinb,

TF " TA (fixed), T. TB (fixed).

Let

[x] - means the largest integer less than or equal to x

(xW - means maximum of the largest integer less than x or zero.

P(A) " pA (B

()• 1 Z(jb/a)+ (T B/al)

•P(AB) -'A jl A'/,((ja/b)-'(/bl)) [(a/>)ýTA•)•A )] j
Example: Let al/b, - c, i.e., a c, b l, where c isa

positive integer. Then,

C96
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[•A/bl I+ c

P(A) PA q
1-Aq

qc 0+ (a/c~c t¶A 1]
/:_[•c]A qB- PA qB

P(AB) -• . B...

A BA B

where

S= [•/bl + 1

B. DUEL WITH DELAY J

Each contestant waits until his last round has landed before he

prepares and fires his next round.

Let XA = a1 ; XB = b1 ; TFA = "A; TFB = •B (TF.,TFB fixed).

The results are the same as the no delay case, A. above, except replace

a1  by al + IA and b1  by b1 + pB' and let a/b be the reuced

ratio of (a1 + 'TA)/(bI + IB), if the numerator and denominator contain

a common factor. A3

VIII. MARKOV-DEPENDENT FIRE

FOR A

E - states of B, j 0,1,..,m

E - A has B as a target (starting state at time zero)

C97
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1'

[ Em - A has killed B (abscorbi~ng state)

Ei - other specified arbitrary states, i 4 O,m

pij- P(B goes from state E i to E3 ], transition probabilities

T (io,...,0) - m components

Then:

P / oo Pol -' POM-1 PoPM•

Plo p11  -* plm-1 P'S'
P. 1, . , I PM t' m

0 0 . 0 I 1

.- (,i -) ,, transition matrix

FOR B

Replace E by F and interchange m and 1, A and B, and a

and b; n.b., SB will have different transition probabilities.

C98
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A. FD- FIFT

P[A ; s n] amTJ - tuTP e

P[A3B 1- PeIA - P[B ) Lp 1]u P

T rT[ b (pT l- T ia/b)

P~B7 T xe[i I x (Pb) ( -1j P~'t T ~tb/a)

P[AB) 1. - [AJ - P(Bl

B. INITIAL SURPRISF, BY A

A. Fires _y (a Fixed Number) Rounds Before B is Alerted

and FD Begins, y - 1,2,...

PtA,NAn] a A tA n < y,B
"A -P- A ", 0

( t T (n-y)(a/b X

' mA A A mPPB e I n >y NB [(n

PfBN an) mBP T~m pflb/a)
P[B'NB n) = -1 tB mA. AA a]m n l2,p.. .NA-y+ [LLb/al]

P(.A) =L P[A NA n]

n-I

I

C99
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'14i/b]PA tA DPB

P(B) 
-PB

T n- v

tf

,pi, t. %A P iAC

++,P(AB) I , - P(A) -P(B).

,-

2.ý A Fires Y (a rv) oiRods BeTore B Starts FD
lI

t~() +, ,••iy-l, *.,1la "- a

0 elsewhere

i.bere

ap the probability that B acquires A an each unlswered

round fixed by A.

i-

cAL00 (
10%0
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1 P(B)Pa BB A A A " PA tAA . , pi'l pT ( a .- (-

(B pa T BPA AA l A)-?A A

isPPAB) -P(l A .- P(BI

SZNote: In 1. and a., the case whbere, B has initial surprise may be Ba

Iobtained by interchanging A and B, a and b, and

I am'" m.

!II : " c. BUBST F•Zh__.G

. Let

i • z (fixed) rounds in a burst

A - atime units between round in a burst
time units between bursts

B I l time units between rounds (nio burstsu)

on

I an%' m.

C. BURST I
Let



FD - FF

Then

f(±W M f (i ;apbs z~p) L ~bJ

is the number of rounds fired by B, while A is firing i rounds,

and

[i._b-za [+z ~Jb+ - a]]

* F .lb -a a).-

za+ 0 - L za+ o-aj za+ o- a

lb - za -
S+ aJ L za+ -aj

is the number of rounds fired by A while B is firing j rounds,,

where Nx) is the largest integer < x.

1. Initial Condition Both Start at Time Zero: A Waits a Time
Units to Fire First Round; B Waits b Time Units to Fire
First Round

T ATf

. NA a n] is.A A --•, B IFP-1 t T pg~n
P(B NB -n] B '1cA e

cloe
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i-l

P(B) - P-p11 T(i) e

wher P(Ai mB B

P(AB) -1 -P(A) -P(B).o

where

P(A) may be approximated to an error < I by truncating the

infinite sum at N1

P(B) may be approximated to an error < e by truncation at N2

and where

N ai mn {i : i+) e mA P em <

112 - min (J :mA A em4 PB e, < £

2. Initial Conditions Are A Fires y (Fixed Number) Rounds

Before B Begins (Initial Surprise)

P[A, NAan] A1T tA n < y

mA A AmB

T pý-l Tpfn-

'BB. B B A AA m

X~

C103z; io
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J *1

V�AJ ml3A Am �
� P�

1-1

Z��tBUA�1�m
3-1

P(AB)m1..P(A)-P(B)

vhile the results for Initi&1. surprise by B are obtained by

ntercharlgin8 A and B, .t and m, and t(i) and g(j). I
�. Initial Conditions Are A Pire�, y (A �v) X�oundu Before B

BeginB (Mndom Surprise)

Let

* - �a �

� -�

0 , elsewhere

and j
* probability that B acquires A on each unanswered

round tired by A *

Then
iJ�

A�mSPA)e�+PftmAPA(��%PA)
P(A) .1-p mTP(I

a A
�

\ � 1 t T�(i)L A AmB� �

mi(ZPi1 �

Cl04 '14



FD -FIFT

P(AP) -1 -P(A) -P(B).

Resu3ts for random initial surprise by B are obtained by interchanging

A and Bp a and bp I and m, and f (i) and g(j).

Approximations, to any desired degree of accuracy# for all these

probabilities (in C2 and C3 above) may be o~btained by taking partial sums

where infinite sums are given. For examplet, an appropriate stopping rule

for P (B) in C3 is:

stopat X mi U) ti*- Q q A
pa~~ - ,

where £is the desired bound on the error.

31

J
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rUNIAM'TAL DUfEL - CONTINUOUS RANDOM

INTERFPIPING TIMES

(FD - •R-• )
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K . PCRF Are r

P(A + (P)j 0 A(-u) %(u) du~

4- tjJ *(_u) %(U d

where

PA WA -uJ PB $B (u)
O -uq A 4 A ( ) a n d q B M

P(B) -1P(A) W &AJ.

ccr - e~ ~iUt[%(u) 11d
P(A) gA(t) e 4A -J~d *J u__

4 TJT B

F(A)*A~) 1 G* A~uw)[$ (w) - 1]dw

P(A) *A(U) - i fcAo -

1 Of A (" W) 0 B(W)dw

2ri w

C107
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P(A(A) A * '(-W ME%(W) - ldw

ri2w -wi L

n--1

pA'~ qA1 a "L)0(ud

A&G2 gNt) gl(t -- P(A) - t)PB F* h(t) ) A+ hB~t ~

ri-i 00

L- ( u)f %(-u)du
P[N~n~ 77-(A 2 - 2ri u

n-~ F1 1 r (u)Bu~U

~A Af~ 1 j A () (-u)du
-P(A) 27rj n y>1

)E[NA A] 1 = - . (P)f $A (u)BI.(-u)du 7

P(A)L -2T Lfq~()]j

- 1__ F A $A( %(u)d%(u~

P(A)2ir 1 ~ Au) $Au )1

PA y $A (u)%((-u) dPFA7 Tr U qA sU)1I
+ I P ý~u %-uc1+ o(8d

E(N' A] -M'A T ri(p)r

PA [1- A ýA u4--.

I..4108



1 [1 q A J 4A (U) %(-u)[E1+ q A()

- PA f $A(U) %(-u)[l + qA$ U)d

1 ~~A r~ 4A(u)] U (uq*u

n -1 n-1

(u)4(u %(u0q (-)q A(U)J d,

- ___ A L[A~A (pA)
P[NA >nlB, IA 1 -'' I

A AAu]

n -1 PAA -u unA]P[ u)]iJ , ndu

1 A A

~~~P[A]~~~~~~~ -1N>+,]-PN>+,i o 0

C109 (-~f
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A&Gl (Note: The above is a marginal increase in P(A) if A's initial fixed

supply is increased from i to , 3 > i, )i.

Approx~imnaions

i) P(A) I 1(k,) (see example 4 folloving)

where

a P A rA , -p B r B , k 1.. .= -.

PA rA cAA PB BrB B+ qB

where

r EX)and rm E[X]rA E[XA] B B

2 2
6A V[XA] and aB B

W3 2) P(A) PArA +
PArA+ PBrB 2• 1- + 1.rE

•,PArA TBrBi)

( ArA?)- . (acBrB -1

" 2 J "
PArA PBrB

Example 1: Let XA - ned(rA) and xB ned(rB).

W&Al P(A) = PA rA-+ P (r •two different plots of this follow)

C+lO i

C110
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9A(t) " %(t) " (PArA + (Y.Br"+t )•' t
i: "(pArA*Ip~rB)t

PArA + PBrB e
P[A i., alive at time t] u +... . Sc2

I! I•pArA + l~r

0.3

Pe a

,�(A )uO0.5

a - -

0.

0 1 2 3 4

PA rA

The Fundamental Duel with Negative Exponential Firing Times

Clu
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.4

1o0 Ii

00 .2 .4 .6 .6 1.0

PA
(b)

L .1 P(AMu.

.6..-

rArALrU
• .1- 5

.1.4 --. -.-

p, PS

Pi 
-8

"w .. .... ..0 I .0.. .. I .

PA PA

(b))

W &A Th FwdametalDue wit Neatie Exonetia Firng imI
V 1.01 ~~la*T .-

P(A~=A.



SExmple 2 X A Frlang(2,r,) and XB Erlang(2,TB,)

EIjrA 2 p~rB)2 + i4rArB(rA + rB)(pATA + rB

P(A) 2~t pr. -2 (rA4.rB)t

ABAj

*sinh tr a~J tinb 2 r %Idq- t +r-u c zh 2 r t)A A B B A ,2

reo - r.3 - -.ý

II

.2- 1.4 . .

TeFnaetlDewihErlang(2) Firina Times WiA

C323
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FD- CIMT-

10/ 1.0

//.. // 2 r.

0 07

0 .2 ".4 .6 .6 0.0 .4 .. .o 1.0

PA PA
(b) (C)

W &Al The Fundamental Duel with Erlang(2) Firing Times

Exmple 3: Let XA - Erlang(n,rA) and XE - Erlang(m,r)B

SP(A) . P , M-1

P(A) (n-l)/m L

" f B q.1 r /-lm e '?'7TJi nj- - q A m-'l( e:12I"j im - iZ'nk/m • - , -B -'/mei• J'
nrA " A A" k,( 1..-10L

k~j

c1114
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P(A) -(-

{+ (i~1/m q~1Jm) ~ q!/m a17im~ sinl -

kp'j

In both expressions, the product term in the denominator in 1 If A6

m~l1

Example 4: Let A (t) Erl&ng(k;a) and hB(t) Erang(l;ý) .

P[A] - I kO (k , ) W1

Example 5: Let XA be general and XB ned(rB)

pA ýA(irB &)P(A) . , AnA• •

E[N,AJ -A
[A - qA 4A(rB '))]2

II
Sub-Example: Let XA . Erlang(k~rA)

P(A) . PA k

krA PB

i I
[ I IrI. .. . . . . . . .
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PA (+ rB PB)k

Hi E[NApA] r kAk
+ rB

II. VARIATIONS OF INITIAL CONDITIONS

Let P(A)f - F(A) for the fundamental duel.

A. THE CLASSICAL DEL

A and B start with loaded weapons and fire their first rounds

sumultaneouuly and then go to the fundamental duel.

P(A) -u AqB + qAqB P(A)f

P(AB) - PApB (both may be killed on first round).

Example: Let XA ~ ned(rA) and ned(rB).

P(A) - pq(pB rA+
PArA + pBr B

A plot of this follows in which the upper end of each contour I
terainaths at P 1 - P(A) and where A is better off if qBrB > rA$

B. THE DUEL WITH EQUAL INITIAL SURMRISE (TACTICAL EQUITY)

One-half the time the duel tegins with A sighting B first. A

then fires one round, which alerts B, and the duel then proceeds as a

fundamental duel. The other half of the time, B first first.

C116



6- .6
pB .4

.2

00 .2 .4 .0 .8 1.0

(b)

L..

. -- rA Er Aa2 r.

.3

58.4 p

0 2 . 6 .9 ..0

PA PA

(a) (C)
The Classical Duel with Negative Exponential

Firing Times w &Al
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P(A) 2 ~ PA + qA P(A~t + qB P(A)f,

Example 1:Let XA -ned(rA) arnd X, ned(r)

LA (a-PB)rA + P~rB

r(A PArA + P-I

~ I- O

(P(A

0.2 6 o

W is AlThe Tactical Equity Dual with Negative
Exrcneritial Firing Times

C138
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1.0;

(A(Au85

P. ~rA rslpi
.4

(b)M
The Tactical Equity Duel with Negtiv (C)nnta

Firing Times (Conitinued) W&Al

E&xample 2: Let X Erluang(2,r~) adX Erlang(Z,,r ).i
A An XB B

P A ((~ ~ r (p r ZPE3  + 4rAr (rA+ rB)(PAA Br) - - A

C. HE tMLWMT UqAL XNITIA- UPRS

Let a~ equal the fraction of the time A sights B first, and,

1-Ca be the fraction of the time B initiates the action. Whoever

'Istarts first gets one round without opposition and then a fundamental

duel begins. This is simply a generalization of Section B. above.

P(A) a- p c p+ qAP(A)f + (1 - c)qla P(A)f .

C119



D. T&CTIC&L EQUITT WITH{ INIALLY LO.DED WEAONS

Each contestant fires one round first, baif of the time.

However, in this case, the opponent has a loaded veapon and imed-

iUtely returns the fire with mne round, thus precipitating the duel

if both aurvive the opening engagement.

?(A) - A + qAqa P(A)f) + • BpA + %% P(A)f)
2

" PA(l + q) + q~qB P(A) .

EaMle: Let XA ned(rA) and X. ned(rB)

• ~A6 F[A] PA A(1 + q)+IAA÷•B----

P(A) ~~(l+ B) + PATA + e

E. RANDCV4 MlITIAL SURMRISE ItI
TS rv sighting time (not necessarily a positive rv)f T

'S(t) pdf of

Q~u) - cf of fT

The sighting time is a period during which one contestant may fire with

Impunity at his opponent. At the end of the sighting-time period, if

the duelist who was firing has not killed his oppoent, the fundamental

duel resumes. A positive TS in a time advantage for A and a

C120



negative TS is a time advantage for B.

P(A) - 27r , (p) f % %(u) S (u) du

1r -uyBu) %0,(u) du

Example 1: Let

XA ned(rA), XB ned(rB)

f Ts(t) m *'t2/2

S5 u W e(c2uu2 )/2

P(A) - - ~ Tc)+T~2 T(f) +(Q+ ~

where

PA rA and PB rB

2 2a

T (y) 1 y 2/2 dx

This is plotted in the foll.owing f igure.

Ii

C2Z
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.'

F4

P~~~ (A- - - -

.. 3

PS" (A .

S-7

0

OTpA r

The Duel with Random Initial SurpriseW&Al (Nti Exponential Firing Times and Normal Sighting Time)

Ex0mple2 let

XA - ned(rA) and XBE ned(r B)

fTs(t) . a.-t/c ct>o

- I
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f s(t) o, t < o

Thus, A always has the sighting advantage.

P(A) -PArA +PArA PeB
(PArA + PBrB)(l - PrEc) (+ T. PAAA + lr PB B .

ExMle 3: Let XA - ned(rA) and XB ned(rB

f (t) •t/c ct > 0 ,

= 0 t t<O 0

Thugs B always has the sighting advantage.

P (A ) ( A r A + + r B c -I

E-.e 4: Let XA(rA)
___ _ nA~ r) ,,and X ~ ned(rB)

A B*

f (t) .It-dl/c c>O

,:,•. . m< d < +

- idu

t1+ C
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-PArAd ed/c
P(A) 1- C PArA PBrBdO

(p Br Pr )( B A Bjr + 2c JKAA-c~

PBrB d d/c

PArA e (AC)P rA PBrB) +pr

(PAA+ B)L('r+B)( 2 2P2B )(IVA +.') J dm0

p r 2 PrA + 1PA A BB!+P

P(A) A A I
00

0-#4 -
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1.0

0.8

0.62
0.4- 

5.

PA rA
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III. WLTIPLE HITS TO A KILL

A. FIXED NUMBER OF HITS TO A KILL

A has RA hits to a kill (RA fixed)

B has RA hits to a kill (R fixed)

P(A) = 7ri OA(u) B(u) du

wliere

u F .. � ,(u) 1
"AL A i

Example: Let XA -. ned(rA) and X - ned(r B)

P(A) - Ia(RARB)

where

aPArA

PArA + PBrB

Plots of this expression follow.

C126 2
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Let

K PBrB
Ar.

- .oc ......I 2
Kc 0, K- -- - - -2

0.8-~ 0 U0.8"/ /" S,~/

01/O
0.6! /fii)

,.Fnamna Duel - -tll is oaK h

I I P), *

Iii

o0.4 NRI

t II

5 10 R 15 20 25

Fundamental Duel - Mul.tiple Hits to a KillBh
and Negative Exponential Interfiring Times b

C12 7
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B. RI AND RB ARE RV'S

P([RA ] -E and PfR[i- -5

We have

P(A) i - CA('u) YBu)""

where

w (" PA• 4A(u)
Si-w1

Example: Let XA ,-ned(rA) and XB - ned(rB)

PAWe have

SP(A) = -ArAf E)

P(A) PArA(I - E) + pBr B(1

Plots of this expression follov in which:

K - PBrBPArA

•A"J87,-ZA77



Y'D C1IFT

COA

IL0.

Bh7
0 0.2 0.4 0.6 0.8 1.0

C. RA ~ DFM=( - LflITED AMIO~NTION

*f I3 - )- and P[J t ,~-01,,.

R B-

P(A) ~~ /C0(-u)~ %(u) + tk ) )p" qý'-
2ii Al B. u B~ EL J-0 j a rE o

R I
C3 9

i 
P



nD CRIF?

"~a ý + ,, 'i )) v !
P(AB)( X ~+Z i

1-0 1 RA jo

.1-0 ja R YNC

BI

where
"IA

"(U)A Z [i "qA4A¢u)(i P AA+ i'(AA] and

R A

CBl (u) is the same formasl with A replaced by B.

Example: Let oi (i-c) Ca, A j (I-l)I , 1j - 0,1,...

XA - rned(rA) and X - ned(rB)

*R R A+ .- ¢i -1% r li

Rb -l

P(A) -( (A l(rl-rB( B
OqB i- i A I CqA+ r B(l -~/

( rA PA \A F - B RE1Q AA

A -~ RcPA V0B>

aqA.

C130
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D. RAAN AL. RV'S - LDITED M.IWIITI0N

k Le~it P[I -l A1- * [ -3 , ,,

P[RA iI E P[ RB3J] a 83b 13- ,,.

P(A) m"riI A1(-U "B(U LU P([](i P(RA]

where

-1 IA +A(u) 1,J+ J)

3*1 im i m -

P(AB) -P[RA] P(B

Example: let *i (i -Q)ca , ii ~,13-,,,.

C 1 -(-)EA , (1- 13)8 ,j 1,~ -0,,...

XA ned (A) and X e~

P(A) P- [5t.c~~Aa;Pr 
____£.A' rB(i - 8)1

a~~~i + BP ' - P

C133.
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K&Bl P(AB)

1. Dam.Me as a Function of Round Number

See FM- CRIFT (page C26 et seq.) for definitions.

Example: (same a in FM-CIqFT, pame c28)

.xA . Dd(yA) and xB.ned(rB),

A A ABp PD(0) "aA (b)DAA(1) 5A' PDAb " A' A + PA + 7A 1

PD (°) "%' PI)(1) "B -D' •(a) -YB' %ý + OB + 'YB"
B B

where ab are the maximum tolerable damages for A and Bp

respectively.

b b

P(A - rA'A + rA 0A B___^B __

P(A) •

rAYA + rBYB (rAYA + -[rA(l- aA) + rBYB b

r a raArA AA B B

rAVB + rA
(-rATA + rBYB) [ (i- %)rB + rAVA ]

'!\,

+ (rA PA P (rEB 1B)a

"(rAYA + rBVB)(rA 1A rAYA + r B( - -B)]

C132
-OPM
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where

b ( bi -j + a -
i+j <b-2 a - 1

(rA PA)i [rBYB + (1-oA)rA]j L(l-QB)rB + (I.O.A)rA]b-ijl

i+j <b-i1

Cr A GA)i (rB B + (i - oA)'rA)i[(i - oB )r• + (1 - oA)rAjb-i-'j

AB AA

2. Damage is Time-Homogeneous

Refer to FM-CRIFT, page C28, for definitions, and a,b are

maximum tolerable damages to A and B, respectively.

P(A) a coeff of series (in z and w) expansion of
zb-I a-I

PD - ZG D (Z)

DA A
CI WM[PDA + 'D ZGDA(z) - wGDB(W]

ExampD Let D(1 A PDA(b) "A' aA +A PA'

C133
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B

and let

x- -and 7

N&Ji PAA x 1l 1 )ii
PA* + L~~

1-0 J-0 1-0 imO

IV. RCUND-DEPENDENT HI? PM0BAILITtES

A. L'NLIMII'Ef A*IUNIT ION

Let

pn a P(H an3 n-.th round I Y-th round tired)

pz(n) - an P(H on n-tb round, n-tb round fired)

n-1 n-I
n 1 (I - p)p n q , where q *1pp a

On '0 ' fa i n J O j

- ,,o4,n(u) j { naP o k ~IAlB

Bb5 ~P(A) .LI A )Bu)d

C13~4
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Exmple 1: Let XA ned(rA) tor At then:

qAJ (~i) a; J 1,..,

* 0 ; J N+ ION+ 20. 0

where

a N-i N, a 0> , N,, constants

q Al qA" a(N .)

Let XB ned(r.) for Bt PD B & constant.

P(A) I 1 -A 
X

+~ X

where

rA
SrB

EMx e2. Let XA ErlaM(2,rA) for A

.qA
qAj J J •..

.Let XB ~ned(r])) for Bt , censtant.

CM5

....... _......_
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(3. + x) + 2x) ep q. 3. ÷ iJ
P(A) "

(1+ +2

where
rA

Exmmle 3: lot XA ned(rA) for A, then

A AAte

= .1, * 1,2, ....

Let Xa - ned(rB) for B, pB a constant.

x + 1- exp [qA + 1

P(A) * x+ -?
+ x

where 
rA

PrA
I *

See the figures for plots of P(A) which follow. P(A) has a

lower bound ý 0. The bound is: 5

whic, for (a), (b), mid (c) In t figurest, .o6ý5, .1756, and

.351, respectively.

C136
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= 1.0

H

I 4 /

3!

.7

0 A.4 6 .8 1.0

(b)

.7

V. ~P(A)..
.4 .

.2 .7 _ ••'

o .2 .4 .6 .8 1.0 0 .2 .4 .6 .8 1.0

(oW (c)

Plot for Example 3 A.L

: J,C137
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Example 3 (cont'd): Cm.pare this to FD. Let P(A)f = the solution

to FD with all ned's and P(A) as above. Then

++ x

where

rI

A4 The above is plotted on the following page.

Example 4: Let XA ~ ned(r) a XB ned(r )

A ke~r and - B

AnAPN~A. A+k A(l ! -• or I
A A An kA 1/ 2A \k

nA A 1,2,... kA _ 0; 0 < tA < 1

A _• n.b.PA 1 +, kA (1. PA• P
A NA

Similarly for B.

Let
•B rB

W "BrB and Q 1 - PO
0O VA +1BB-P

C138 cA1
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I ,•rP .02

P IAI V

PIAJ I

II ___ _ .. -

to- -" - - -

o 1 2 3 4 5 6 to

'A
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P(A) -" gkA ' A
1-0

k k' B- )

where

Io(+ , 1 j+1) - P[Bin (J+j+ , FO) <

Thus, I may be found either in binomial probability tables

or Iucomplete Beta Function Tables.

2_ec iaL ('ases •

(1) k = 0 'r PB 1 kA =A A

"-(qA/PAo

P(A) e o /Pe

(2) kA -kB =0 tA .0 B r 1

-( (qA/PA)Po- (q)P /PB O-
P(A) e e

""A B + B PA,

Cli4O
iWO Jll J-

C3,40
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(3) kA - IkB - 1 9A 1

q&/

. On the following pages are the plots of P(A). W2

B. LIMITED AMMUNqITION

1. General IFT's

a. Fixed Ammunition Supply k for A and I for B

(U) u(u)

""AlJ Alu% (u) n +A $A- 1

n=1 nim Jo0

Zri 1,"L(' B1u u+

k I

P(A ) q A±j

Example 1: Let XA - nel(rA) and XB- ned(rB).

1-1 jul-1
P(A) - PJA q Av PBJ q BE IA Ui. J)

i-i v-o J-1 r-o
rA+rB

Ak

+ J BE 1 - [1 qAji 
Bh5

, i-o -

1' k.1 4 1l
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1.C

1 .3 P (A) Z.5

.2

0 .2 .4 .6 .8 1.0

.1 .3 .1 .I3 7 -()

re8

2.

(C

C142



FD -CRIT

kA k0 k 86
1.0-

1 .3

.P (A) .55

.6- _ _

OB rA rB

.2 -. 9

0-

0 .2 .4 .6 86 1.0

.1r . 3P(A ) .

.6 - - rA 1121B .

.4.4raf

.2 
.9

02 .2 .4 -6 . . 2 6 .

CIJ4 3k
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1.0

PB3

1P (A) (A7

A, °

1' .4

00- 2 .4 .6 .. 00

PA

(a)(A) .5

.8)

Ii i
O0 . 4 . 8 104.6 .6 .

.4r A peIr =,r-

.2) .2
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•oI k 3 --

t.8:/ ..

S( .A(A):5. - - 8 .8

I. .6---/ - -,, .6 // -

.4.

.. 9

? I' O . .. 0 .2 .4 .6 ,28 10
('i) (cP

1.

P (A)'1 C214
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kA I /rig

1.0

.1 .3 P (A)

.6- 

-

PA

1b)

1.0 3 .1 .3 j,)
-- ,-..8., .6 /

pe rA=2r8

.2 0.4

0 .2 .4 .6 , 1.0 0 .2 .4 6 8 1.0

PA PA

(a) (c)

,I
Jil I Il" • I•'R qr i- :
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8 CO

S .31 P (A)

.1 -9

.2.

1 ,
(b)j

,.o -t ,.o ... , -- ...~ 7,

S4 = .- ....4

o - -
0 .2 ., .6 .8 1.0 • . 6 .s .

PA TA

(P) (c(

C1•4'I

PEI

4 10
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*A 00 ke~o

.1~ P(A):
.8

.6

.2

0C) .- A7 - -s 1..0

FA- -- .8 r

IrAE ~ll .6 -

(B (A) )

.4 2 L,

.7 1 '9-,.9~



k A Or

iA: k 8 •I ij

1.0-
i ! t , P (A ) .,

.6 4A:r r

.2, - .9

2.2 .4 .6 . I .0

!..?)'P A

(b)

1.0~

(A .8I- 1/2781/ /
.6-

.8 o. 0 ..4 .6 e io°...9 1.0

C149I

, C1159
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SI0i

1.0 .

PA I
1.0 1.0

(b)

-3 ,P 3 (A) :.5

.8 / -7 2 , 748

pa P (A) Ps

.4P

.2

C15O
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Example 2: Let XA Erlang(m; rA) and XB Erla~ng(n ; rB).

P(A) q FA i~
______B B 1 (mir1j) Bh5

k

b. Ammunition SuppDly a RV

PfI ±) - Z cx-m and P f~ mj a

I, (u)
Al aj'oi liu

.4 P(A) - l-~B(u) du

00 
co j

+j qjjlJ-0 tno L 1- V-

( I a c
PA.B) -i

J-0 t-

C151
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2. ned IFT's

a. Both Have Ammunition Limitation; A Has k Rounds, B Has I Rounds

Let XA - ned(rA) and XB ned(rB)

C - rA + r - iu
B

C' - rA(1 8,jI)+ rB(1- 5jk)- 'u

J= ir Jo C

Sv=o

tor n < end m < k

i-1 J-0 O-0 9 =0

P(A W(U iiljLCM H qH ~ ()C (k, i + - 1)

BE r • - - Ir( i

i-+ 1, rO B

c

:6:

* A(..' A "B t_
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P(AB) *'AB (u)

rA rB I

C C

q q I lkI()1
A, ~,HB F, r ( i)

P(A) = PAl qA v qBg rA~r BAr---

i=l j = V=o E=0 i r r

-k i-I+ L PAi -. A, Bj r. • (•
i=l v-0 J-0

rA~rB

kI
P(AB) = qA 1~ j

i=o j=o

b. Only A Has Limited Ammunition; A Has k Rounds, B Has
Unlimited Ammunition

Let XA - ned(rA) and XB ~ ned(rB)

P(A) k I o 1q rA H ]i r,,4
P( L L PAi qAv T BE "A +r B rA+ r B

i-i J=O v=O 9-0

k - q fi rA r ) r r -i J"

pB D\~ ~ rAr TB KA+r ) K1-0 J-1 V-0 t-i

C153
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c. Both Have Unlimited Amn~ition

Let XA -ned(rA) a~nd XB -ned(rB

A BBi)

90 (t) H v B t T A+TBJ-t

wi~l aBt r BA i+- (rA~rBdt
P(A) gA(t) Z e lq ~T~

i-i J-0 V-0O -

and similarly for P(B) gB(t)

c o i-i B ( lB
~Ai H r q?

and similarly for P(B)

Example 1: Let 0A ~'~jjl A~~On

P(A, )+ + )
i( ~ rA + r i i j) (+ +

1rB in B rA rA

rA rA+B 7B AB

Example 2: Let PA, m1 -a') and

Bh& P(A) - 1 )~~ 2 0 2 ___ __B

S i-ia a

C1514



FD - CRIFT

V. TIME-DEPENDENT HIT PROBABILITY

A. GENERAL IFT'S

Let i- AB

iP (t) *P[H by i Is firing at timne ti,

qi(t) I - pi(t)

ef of q4 (t) ni(U

% o(U) - 0 1 (w) ýi(u - w)dw

$~() + n(V) 5 (u -W) % 1 (u - )dw

(U) " (u) + 4•4(u)- 1] %ii)

If si(w) has one (not necessarily aimple) pole at-owi in the lower

* half of the complex plane, then

±10± Tr 0l(w M (u -w)dw (known)

and

0%5 (u) S i u s(u+1 owoip w )

... J-0 k-0

P(A) - 2 A u
27i 'L AU) Y u) du

C155
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SExample 1: Let XA ned(rA), XB - ned(rB)

B-Pt

l(u) . ___u(u)

aA~ P - u B

K i ¶) rA k
I )/

k! A[u - i(rA + k P)
k-0

trB/P i rB

() - r +J)]

0- 1=0o n rA

00 (1i[LrB(_ r B•/::J +r Jý + r A TlrA,

where Y(x, y) is the Incomplete Gamma Function.

Example 2: Same as Example 1, except q is a constant.

A7rA+ 
pBr B 

T P o
P(A) =1- pBrB~ Pr e

A7 " 'y rA + pBrp , -j•rA •

C156 c•6 6
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B. IFT'S ned

Let X ned(r) and X ~ ned(rB)
A A B B

PA PAWt) is continuous, integrable, 0 < pA < 1, and

limja A
a PA•(x)dx - O

Similarly for B.

P(A) r p(t)
joA

[-rA ft p (x)dx-r ft p (x)dx

e 0-r A~ PAxd B ~0 Bd
• e dt.

Example (A Closing Engagement): Let

K. pt) _ a
pr(t), 0<t< t abrtoV positive constants

a 2

(r .vt°) _ to , a,br , - <

For PB(t), replace a by b.

P(A) a rA
arB + brB TI

C. IFT's NON-STATIONARY POISSONI

Let PAW and PB(t) be as in Section B; and let rA(t) and r (t)

C157
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be such that ri(t)At + O(At) -Pexactly I round fired in (t,t + At)]j

ii
i -AoB. Means both firing processes are non-stationary Poisson.

P(A) A(n)rA(n)+ .B(n)r B( n)ldn

0 A

P(A) gA(t) " PA(t) rA(t)e

P[A is alive at time t]

ft [PA(j)rA(n)+ pB(n)r B( q)Idn d

Sc 1 - pB() rB( )e"

D. Hit-Probability a Function of IFT

Let pA(XA) P[H I firing at IFT xA] A() 1 - pA(X,)

PB(xB - (H I firing at IFT XB] ') - 1- 3(B

cf qA(xA) - "IA(U) qB(xB) - fiB(u)

with a fixed ammunition limitation of k for A and X for B.

II

2 [(u : ) w]k

OA(u) L A(w SA(U)

$ L(u) - SAU() 1 -SAu j '

and similarly for B.

C158



FD- CIRIFT

2iTi JLt -1 U WI f qx

00 
k

q(X) (x)dx 1- Luo fA(X)dxJ

0 AB) ( 0B 0

P(AB) q, fA(X)dx (Jx) f,(x)dx

Example (Both Sides Unlimited Ammunition):

Let XA ned(rA) and XB ned(rB) I

qA(x) = Ae and qW)=e.

rAPA[(rB + p )(r + p + r + pA) + rACA- r p

P(A) - B. B B A A AA B

B+ rB)(PA + PB)(rA + PB)(rB +A

P(AE) - Bo14

VI. LIMITE~D AMLMUITION

A. AY24JN1ITION SUPPLY A RV

A draw occurs if both run out of ammunition. Let
00

P(I i) "Oi, P(i o) - and O + I a = 1, i = 1,?,...

P(J J) = j , P(J ) = • and + j 1, =1

PA *A(u•) '

' (u) PA- A(
Al " " cxj[qA$A(u))i

,Bl(U). q B B(u) [q B$B(u ",1B +B(u) I • ]i

j BB

C159
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004

2 AF B 217 -r 0 Al Bi u
P~AJLl ) i 'II + 

+ 004(.u 
( ui=o j-o

= -Zvi JJr *'OAuB(-u) %' ) L

i=o

Alp 
jA&Gl1~ \B a q qi %

P(NA -nIA) - - co+ L~
i-n

[1 (~ , ~(p) c: '(U) % 1~ )du]

J, 1- 4A B (-u~d

[- P(A) r- v

+ LA6B

ci~A
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'I ~~~A qA ±

= P(A)i-n

.~ L f 4(u) B(-u)du

2(A Zr j j 11(n >

E(N IA)+ Wd

1 , F5 -~ r (u dul

~L

7-A L ý 1 2 fr I(u)duj

where4

y i-i

1~u L % -u 00

ilim
S, PAC q6 A

004

(U ~ (p--- -1-.c
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s -A f (u)du~

j J3 S - T f 12 (U)dujP(A) L

where

Li ~Au) %p) 1 a,~() qp ajqA~~

-2. IA A

PA J=A

+ q~

ýA~) El'u) A$ u

A$ ()1-c

216

A~~L.~ 
00.-r-
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+ z ~ )+j1

i=o

= A(u) %1(u)

A$- A~(u) l )-(AAu)

q O n qi

P(N~nAB) -~~y----- n)

I ___P(NAS1 A) P(A)
P(NA nB JB) )L1 -P(NA-oIAB) r -AB A

- ~ ( q P(NA-nIJA) P(A) - P(NA -n+ 1 A) PA

k A P(NA - nIAB) P(A.B) -~n > 1

P(NA n) = ()P(NA - 1A) n 0
A AA

-P(A) [~P(NA - n JA) -P(NA Uf+1A],n>1AG

Example 1: Let XA nedr and XB ned(r)B

Ct -0;a.

A ACB6B
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1'P Oqr +C(1-
F(A = AL 1- A)"A + (1- 7B

P(AB)

Example 2: Let XA nedr) and X -ned(r),
XA(A B B

-a j

a 1  e cx=O (10p aogo

PPAPA +{P-e )r(B

P(A) = - -l~~)~ + 1- L~ K e )'
-cep

Example 3: Let X A -ned(rA) and X B ned(r B

*r ( 1 t)ii ct =0l -

P(A) =

(* 1- CO + BJ 'LL1 _ k

A1
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r(+B aq ( A k

Ex-l :Lt xA Erlanfg(2,r) and xB Erlang(2,r,)

2
cxý PAPB rA

P(A) O ~ qB

22 2

K ((- -x~(7 oq)r+ r r

(1 aAr i- q) r. + Aa A 1 tq
A' B

(= -a(i - Al)(

=j - -f 
0

P(A- ~ L1  ct pArAPr
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F~~~~~~ (1o(-)rprW APB rA '3(1-~V Ar + prT jq ) (1 - + rB(l

a) ( (- cx)( .- )'rA + rB(1 -ýq)

rA(l O- ) + r (1 - o

znlPA) LAA aW + (i a- C

' A n~r

rA+

ExampleP B: rt I nedrr ) n X -neA BB

CL~~~ k i=012..k

=0 1 ik+l,k+ 2,...

*1o Ov2 =0~- 1 ...

pArA PB P - + rA+ r
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F = '"-IAA) (r+( ) ( rAiPr )fl Io(,,k-n+,) A&G.i,~~ PB. B

B. FIXED AMMUNITION SUPPLY

Let 0k -I, 000 0O, and O 0 for i k

m 1 i, = 0 and 0 -O for j I•

p (u) F

4 q

AlIp AA(u) OAu

}. (U B )2.
El q Iu u

?(A) = ,.- q )(+ q)+ . -u (p).f c,,.d

--A f A3(-u) (-u) (VA 2 +r 00 "A El u

k) JB (+) du=B q 7,fqA1-) J

k I
The marginal increase A P(A) in P(A), by increasing A's

initial fixed supply from i to Jis

+,•. C167
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~P(A) PNn A] P [NA n A~

nal n-l

A&GI. P[N> i+ lpAj PLNA J+1,pA] for Q-

Example 1: Let X ned(rA) and X , ned(r )A A BB
Qk l,c, 0 and ax " 0 for i# k

sk 1 a 0 and 0 - for jIK r

P(A) A A rA
"".PArA + PBrB rA + PBrB

PArA + PBrB PArA + rB I( A

P(AB) q k I

=(N nA JA)A =xn ) A Iz(I'k)

qA P(A rA + PBrB) q

where

Alp rA + pBrB PArA + r r'
Al Pyr - B nl

A&Gl r+rE + r rA + r
A A BF B

c168
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Example 2: Let XA ned(rA) and XB ned(rB)

-, 0, c-0 for i k

• l,= j . 0 for J-1,2,...

P(A) - PArA rB q ( rA )k
P~A+ pBrB prB+F

P(AB) o.

Now, if P(A)U is the outcome of FD with both XA and XB ned,

and if P(A) is from Example 2, then

\. 11\' , CID

P (A)

i/ ~~0.5 \ \ \

0 Ek.ok1-

0 0.5 1.0
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Example 3: Tat c0 - 1 , X 0, OP - .,2,...

.0, %"O, j0 # and 1

P(A) pArA +; pBrB )I PA r_ /
PArA + P AA + PBrB PArA B

P(AB) - o

Now, if P(A)U is the outcome of FD with both XA AND XB ned,

and if P(A) is from Example 3j then

Al P(A) + BPBrB

L(A ) A
See the following page for plots of P(A)/P(A)u

C. WITHDRAWAL

A draw occurs when either contestant runs out of ammunition (the

unsupplied contestant withdraws). Ammunition a rv.

Si, o,,')( -
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P(A) 
- !u

3.0 ---

I. o

- - - .... .j A ra p. r

P (A)--
P(A)U20

1.0L
0 0.5 1 .0

(b)

1.5o

2.0(A)

P(A)U

00.5 ps 1.0
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"1 (- -A/u) (u) du

2 Ti L "AlU Bi u

i- i- -Al(U)B

Z~q +~q Fri~ j I

T1 with ammunition limitation.

Let K a rv round number on which A has a failure

L a rv round number on which B has a failure

A. NO WITHDRAWAL

Whenever a contestant discovers a failure, he cannot withdraw and

remains a target.

i. Failures are Detected on Same Round on Which They Occur -

I.E., Weapon Fires and Simultaneously Faiis

Note: This is the same as the FD- CRIFT limited ammunition duel

Al where K - I and L - J.

2. Failures are Detected on Next Round After Failure Occurs

This is the same as running out of ammunition on the k-lst round

C172
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and discovering it at the k-th attempt to f.ire. Note: This is the

same as the FD- CRIFT limited ammunition duel, where

K I+ I and L J+ 1

B. WITHDRAWAL AFTER FAILURE

1. Failures Are Detected cn Same Round on Which They Occur - I.E., Failure

gad Detection .w* SimulItneous (-Withrawal is Imnedliate and Causes a

Draw)
Note: This is th"e same as the FD -CRIFT limited ammunit Vn duel,

with withdrawal, where

K I and L =J . Al

2. Failures Are Detected on Next Round Attempted After Failure Occurs -

At Which Time Withdrawal Occurs (Causes a Draw)
In this case Section BI above cannot, be adapted.

a. Failure probability a constant on each round

Let pA,pB - probability of a hit

qAIqB - probability of a miss

uA~uB - probability of a failure

then

Pi + qi + u.i AB

C173
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P() . f A(-u)($B(u) -1)du q Go

P(A) + u~+-U %w

00 B(u + w)[ A(u-w) du d

B B
(OU- r) OA..)) du

PA2 O± A Bd u +lj BU

+( -Trl 4ArU t(Bw 2 B~~)

~A~B . )d

Ti, + u~u + f) t A( w)u d] v -uw

PA PB7 Lt(u tj.u )dw.i L

P(A) (W t (ur~ + w) IP (-uB wr

+

P/ p_ _ _ _I_ 
d

A B L
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b. Failure a rv (function of round number)

Let P[K a k + i1 Cr- - P[A's weapor fails to fire on round k + 1)

P[L -I + 1) - - P[B's weapon fails to fire on round I+ +)

where

aU - U

k-O 1-0

Define NA to be the rv, the round number on which A's weapon fails,

then the geometric transform (z-transform) of NA is,

Sand i

'!P(A) 1 / A( )l- GNlA a1U i7-

G (Z

i I.

S0C175
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G- w) - AA(uW) du

P(AB) -L~ GNAAU)4 ( u) du+ q f [$B(W) -i

2 L "A $'-) B( U 477 B fL W

f G~[q $(+ W))

B•A q w)"- d w )

U .1OB~uw)1 + W) NA )J~d

+ r

A+(U Lw)]

G [q 1 duA6 f, OA(U+W)~ q+( w) BB -u-w) j d
11

VIII. LIMITED TIM-DURATION

A draw occurs if time runs out.

A. TINE LIMIT A RV

Let TL a time limit rv

f pdf of TL

Q(u) = cf of fT (t)

L

C176 °0;i
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P(A) = Q-u "(f A(u W)[%w)lldu~

47

*(uw) (w)d0 W)ld
1 O (UKJ AB d)

Ii P(AB) 42 wJ i- d

O f A(-U) Q(u -W) B (W)dw

K du A)2

Let gA(t) - pdf of T. IA wins,

gAB(t) - pdf of TD JAB, (a draw)

*A(u) - -f of gAt) and '() f o SB

12  e AVw ()dwj{L ~

:1 P(A) *A(U) - F :'(uw{ ft v-)Q))-1)v-

j C177
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(t) &iUt A (u)du e~ B(~

A&G2 L2 -W i _ f

1 ~~r [Avw - ) 1[v 1 d

*P(AB) *A(U) -Gj (u-W)~J V~ -; j
*AB 4TT -mf

(n)o r dw
P(A) ýi(A)- 2i -)vv w

~. f,(n()J~ %(w -V)[Q(v) - hay
= (n) vw dw

~(n),~ 0 B(w -v) -1) Q(v)dv d

where

4,(n)(u d~ n (u)

du~

(ON ~ 0 O w-)j[B(v) - l]YV dv
1 (n) dw~vw

3. w v) %(v) -1dv=

(n) AQ' B(u)

dun
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Example 1: Let XA - ned(rA), XB - ned(rB) and f (t) - tll
P L9

P(A) aand p(AB) - A2
PArA + pBrB 1r PA + pBrB +

1 (PArA+ Br )t
SA"t) 9 A(t) -"\ PArA+ TB + • }e A&G2

Example 2: Let XA Erlang(2,rA). XB Erlang(2,r) and f(t) = i e-t/k

AA B B an

: PArA PB r. + 4rBB r A + r.+B + rA + 2 B +

[ (pArA+ p~r) + 4rB 1 4TB r A + -rr)

* I
A p. B +4r,?T\B+4

/ArA rrrrrr+ rt1 +B4

A1 r-2B B.\ Bý Ti.A 1 BF -+ AB

2PA r~r 2 +r + r + 22• 2
PArA BB tA P+ A+ rT Z- qAqB ArB

2 PA T r 2(rA+rB)+(l/r) 3 t _2_A

P(A)-g.t e s irh 22 rA q
•'qA qB

(sinh 2rBq t + 'qn cosh 2 rBq t)

P(A) 4 T(A) A r2r B( i- )+ A(2 B IT-

~4
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, )

u. rA + rB( 'B A Al

B. FIXED TIME LIMIT

Let T 31c a fixed number.
L

.2 P(A) 1 y Ir~( ~%w - dud
~2J U yJwd

"1u CA ( Au B(w)dw du
u KL V /

L [-OA(-u) e-r( W) y~aw) - ldw d

ei ~iru CA (-u)du fe- i±w %B (w)dw
A2_ _ __

P(A)g~t e- Avt )dwJ{J

41 B1

A&G~ etAV~dwj~f -jut *(u)d u, ~

A(A& G2tJ-- 2- v i dwU

.II -iw
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P(AD)*~~(ue At (u~d Je*.(-~{ ~ - B Jdww

1 (UW, r'AwV -v)(e1 ~v) 13d!
P(B)*Aiu eU -j -W)

P()ILIA (-w) d ~v A W) ii
47___ ii

(w v) (e )Tdv~

t~n) B
2 (v- W) jdw

where )-pd o te

duI n
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g(t) gA~(t) P(A) + gBt (B) + gAB(t) P(AB)

I - ~~~hA(t) 4(t) FT (t) + hB(t) HC(t) Fc (t) + fT()Ht) (t

where

TL

A A&G2 -0, t >'

IExample 1: Let X A uled(rA) and X B ned(r B

P(A) = PArA fl-e(rApB
PArA + pBrB

A-2 P(AB)= e- (PArA+PB rB )"

=(pAr A + PB r P e
v ~ (~APr) 0 < t < It

Example 2: Let XA Erlang(2,,r) and X B-Erleg2rB

C182
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Afq AB c

PArA PrB expf-2.r(rA + rB)

- A PB~r r pB~ + 4rAr B(rA + r B)(PArA + PBrB)l

where

P (cx,) -3 pBrB 2 2r2 + 2r 2 siinh cx sirh

+2 %ýB r B(rA + rB) Binh Qx cosh

-2 4Tq~r,, (rA + rB) cosh 0 8mb n

O= 2T r A7  and 2Trq

and

P2A-.~ (p rA - p rB + 4rB(rA + r

PPr 1DBrBE)z + 4rAr B(rA + r B)(pArA +P,,r,]

'I ~~exp[-2¶( + r)JL
P(AB) -A B

~C18
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2 PArA (2 (rA+rB)]t
P()g~)e uinh 2r A %1

.t sinh 2 r,,4qt +4 cosh 2r, t) 0

= 0 , otherwise

P(A) PAB A 1 1-(1+ 2c,,'r) exp (-2cx 1¶)P(A) I(A) 
1) (1+ j°T) exp (j2a2c)+ 2

(1 +- ( + I) exp(- ) 1 - (1+ 2a ) (-2a )

+______________ - (1+2c 4q, (~Q 4 )

where

" t- rA( +- )+ r•( -

- ~ q r~ + r( 1 +J 7, ,

- rA( 1- q,)+ r (I %Tq:-,
A AB B

A&G2 , rA( 1-4q )+ B(1 i )"

Exm~~3:

(a) Let P(A)u - outcome of FD with XA - ned(rA) n

A,< nId' I: X IB
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P(A) - outcome of Example 1, TL a rv, above,

then

P1  ¶(PArA+ pBrB)
PA 'T(PArA + PBre) + 1 (see dotted curve below)

(b) Let P(A)u be as (a) above

P(A) - outcome of Example 1 above where TL is a constant, T

then

P(A) "(PArA+ PB rB)'r
P(A = i - e (see solid curve below)

U

1.0

O~e- - - - -

:: ~0.6 •
- F FIXED TIME-LIMIT

P(A) 0 - - RANDOM TIME-LIMIT
- 0.4__

P (A)u

0.2 I

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
T (PAr-- Pere)

The Effect of Time-Limitation on the Outcome of a A2
Random Firing-Time Duel

C185
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IX. TIE-RELIABILITY OF WEAPONS

This may also be interpreted as the duel with time-limitation where

each side has a different limitation. X and X are rv's, and

TLA = rv reliability time for A, i.e., time-to-failure (time limit)

hLA(t) W pdf of T A Similarly for B.

9A(U) W cf of h (t)A LA

A. NO WITHDRAWAL

When a contestant's weapon fails, he cannot withdraw and remains a

target.

tA(-u)A(u)-l] w- BIP(A) 1-,u2Tr _0

+ --- • ( (-u - v)1 (v) - Ildv+ 81. o uB, B: I - I),
871Ii u~K -

• YuA(U w)[GA(w) -

1' _A-- Adw )

P(A)
F~ri L 21Ti w

(L w )du L

•,:: C186
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I(B A 1-U f A~ LA (U) - l1du -- )1 (w ) dwP.B u w

1 F A(.u) A(u)du f B(-w) B(w)dw Ti,
P (AB. - - Aj

L U w

Example: Let XA ned(rA) and XB ned(rB)

T% -, .a(N) •and T - ne~ . )
A

,+p~ - --- Pj.k + XA+.,. + p ,.rB+ 'AB + p,,Bp +
A' A ?)P(A) + + +

P (AB) A Ti

B. WITH•RAWAL

I. When a Contestant's Weapon Fails He Immeeliately Witbdraws

and the Duel Ends in a Draw

This duel is identical with the limited-time duel, where
) h(t) h h(t) 11c(t )+ hLB(t) K(t) T1

L LA +B TBi

P(A) -. -

r • r- -'

(Q (w ) J:.(-UI((u -(w) - duv

B -'. u-wP
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P(A) - - 18 f .

87i L v

(w V )-) Q(u M C~u - )- d*~ ~ ~~d dv~ fA wd

W~ V- ( J: )
(CV)

873 1 r *

[O- v) -QA(-u) OB(u- w) + (u A 1wdu dw 'dv
A6 V-v [o

%(u-V

Example. Let XA -ned(rA) and XB ned(r B

T I neýA) and T - ned(s,)

c188



mum Mr-.

FD- CRIFT

di: iPA rA
P(A) AA

PArA + "A + PBrB +

P(AB) A-~I,, |P(AB) PArA + "A + PBrB + 1

2. When a Contestant's Weapon Fails He Withdraws When He Next
Tries to Fire and Discovers a Failure

q(A B [YBu) 3.1 %(v + u p) [B(o) - ldo

" /-GA(w) ¢A-V-U'W - dw du dv

( fw du dv + f
w ( J " A - w) )A(W)dw ) u )

'-Id

L fw du •

P(A)e: Let XA ned(rA) and XB Bned(rB)

P(A -PArA(pArA + XA +rB +?) Ti ~
P(A - (PArA + AA+ rB)(pArA + A'A + •rB + ?•) T

)d
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A(B + rA)(pArA + •A + r) + B NA + B)(prB + + A)
(PArA + NA + rB)(PBrB + ý B + rA)(pArA A+ PBrB + AB)

X. LfMITED-TIMEDURATION AND LIMITED-AMMUNITION SUPPLY

Let 2A ned(rA) and X - ned(r )
AA-X B

TL - ned(i/¶)

where A has k rounds initially and B has I rounds initially. Let

s 1A + r1r nBr + u -+ u; and S2 - rA + - - iu

P(A) ( PArA

"[ " PArA+ pBB

I ) I (k,l)

rA + rB + (li) '

A.... KrIB+(/¶+ BB I +r+(4k)

\PArA + i PArA + rB + • pArA + rB +(I)r÷ + r B+ (1/T))

PArA / qArA k
+, \\ rA + ) qB (1,k)

PArA + r + (r

P(AB) +(p A " )[i ( PArA B ArA k

pArA + pBr PBrB + (r + r

c 9oB A +
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I AAPrB(k (k, 1) + PBrB ______

\\ A~rAB+(1/¶ 
) P rA+ P qr rB+.

I PArA + T! P~rA k

P rAB rj (1T -

"B ¶B (A rAkk

p A ___pBr_ I___ (F _ LA_3._r_(1,

P(A) *B (u) 

+ 
PTr 

B__ 
_ _

kL
+PprA+ 

PBrB +¶ I ur+P 
B+ iu

+~ 1 :

B~ A~ + BP 
rArB~ 

i (PAoa2)

P~r ( Ar 
kA 

( u)

PA rA q.. u
P~~rA+ )(rArA p :-Ju pArA

Br/S

P~rA (r /Si

+~ A -~ P~ >i~u 2~( - B/)I~r/)k

LBB191u
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+li+ + rAl

p Br PBrB iu - iu
B + IrPBrB + rA+I•

IPArA+PBrB+(I/,¶).iu (k•+ ( iuB- •. )( q~B1~~~ B B Pr+ -U rA rB+ -u

• PArA+PBrB+(1/,).iu (2,k)

Special Case: B has unlimited ammunition.

P(A) PA rAl q (p~ A A ) k

PArA + PBr pBrB +rA + I

Bh3(3) P(AB) +/r PArA A k
S + -+ .rPArA+ PB B+ PBrB+¶ PIrT B B + r

XI. INTERRUPTED FIINGR

A. FflLING WITH WEAPONS WHICH FAIL AND CAN BE REPAIRED (REPLACED)

Each contestant fires until he hits or his weapon fails. When a
weap,:n fails it is repaired (replaced) and firing resumes. Time-to-

failure is an independent rv and time-to-repair (replace) is an
independent rv,. When his weapon fails, the contestant is still 2

C192

04~



FD- CRIFT

I:

vulnerable. The process continues to a kill.

1. Fixed Ammunition-Limitationjt
Sk rounds for A and I rounds for B

A is TL - ned(r)

rv time-to-failure for in
LB is T ned(r)LB LB

A is T with cf Q- (u)
rv time-to-repair(replace) for {CA

B is TB with cf CB (u)

-pA,(rLA - iu) $(u + ir•)
CA(u) (r iu)[ • •- - • + irj)] - r[- •o + ir•0Q u

Ll -u ! k u+i

P() - - iu) $A(U) + l 1qA]k k
(r iu)- r~[ - A(u + ir )IQ-(u + q

k k
P(A)u)+ q fI[, q k]

P(AB) = "

a. A. has unlimited ammunition (k -* y)

"B has a fixed supply of I rounds
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Then

P(A) u T

and

P(AP) 0 .

,Example 1: Both sides have unlimited ammunition. Let

XA ned(rA) and XB M red(rB)

T-A - ned(r-%) and T- *" ned(rcB)
CAr CA A

P(A) 1

r- ýA (pB rB + r- + rA- )( ir )(. +PrB+]

C+ rB + rLB)(r•A + r LA + PArA + 6B + rLB + PBrB)

+ (Ar~• PB"Br•B)(• + PBrB)

p(Ar A .rAPBrBrB )2+ (pArA+ r LA+r )(pBrB+ rýB+ rLB)(PArAr A .PBrBr•B4

S+ r A(PBBr + r B + rB) +p r B•r(prAB + r + + rL

Examle 2: B is failure-?ree (no failures). Both sides have unlimited

ammunition. Let XA nerA); XB - ned(rB); ThA ned(r•A).

PArA(rCA + PBrB)

P(A) (PBrB) 2 + pbrT(pArA + ra + r A)+ PArAr•
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2. Ammunition Limitation is a RV

A: P[I i] -c - i Q l

For

B" 
P[J 

J1 
A 

0Apk"rLA( iu) 4A(U + ir.)

OA(u) ( r iu)[1 qA- A(u + i -A)l -• Yu + i,,)]G ,W

F(r~ - iu) C(u+ ir )q -
(ro L- iui (r• l•r' [kl- CAfu¢ir LA L,

i-o i=o

UA~l(u) + z q
Hi i a

"["(A (-u 0(u) A÷ +l qjaAq

J- i i=

P(AB) =AZ(.U) Z a q *Bh5(4)

B. BOTH SIDES OUT OF COM~ACT PERIODICALLY

1. Three-State System

Let A X nea(r) and xB ned(rB)" The system cycles through three

states repeatedly, until a kill occurs. States are:

(i) Ccubat (Contact), C

(2) No Contact, s

(3) searching, n

C195
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Time is zero at beginning of first contact. All three states are

randomly time-limited with continuous rv's, as follows:

XC - rv time length of contact ned(rC)

X- rv time length of no contact - ned(r-)

X- rv time length of searching general rv with cf

of pdf as 4s(u)

T0 - rv time since start, in contact, no hit

-ý - rv time since start, not in contact, no hit

T a - rv time since start, searching, no hit

Y'S rv time since last search started lin search state

0 (u) cf of DF of TC

9n(u) - cf of DF of Tý

0 (u) - cf of DF of Td

s(U')y cf of joint DF of Ts and pdf of Y.

and where the superscripts kI refer to k rounds fired by A and

I rom -is fired by B, up to time t.

Let CI(u) (rC + rA+ r

Le C +B -iu)

C,(u) - Cl(u)(rý - iu) - rcr $,(u)

C196
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rt iu

9c ~ iu)(C1 ( r q. r r~rt *(u)

crrý
*5(uO) - i4u c0 u

Qr(u - iu 9(u)

r r- r-1 -IsU)
I;(u) (U)__s iu - r L ju Gc~

iuy - )d
*~(u, y. = , (O,u)e ~j ~~d

p., rA

A - iu C

(U)~ (U)
B- iu C -k

-pI( (k+ I (r- uk++ (qA-A) k(q~rB)'

k-(u + I (rý - iu)k+ ' (q,,r~) (qir,) 1

k /u )k+ 1+(u1

C29
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1k+ I + 1 pArA(rt iu9) (qr)k (ql~r~

A ju[1c-1 / -

(k+ 1 1) p rB(rC u- k 'U (qyr)k (qBrB
YB~U 1u ±uC 2(u)]k+'

Example: Let X-. ned(r)

t ec3 (t (k+ 1-m)( -1)1.

(r(u F( i U) k+ I

L I
where 0nis the n-th root of () n =1,2,3 and

C (U) =U iu ~2 (rA+ rB+ r + rý+r.)

5 ur-+r+ )( B - CsA

iu0 rý (r+r,( A +rB + rs)]+ r~r(r A+ rB)

k+,,4,1 3 ()

kt) 06(0[)3(0
Fn- nt) , c wherec(k; +y) I-i m

06 n dc~ iu)(r - iu) nUWC

On n
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F'o () = L i Fi T m c(o) , where
m-1 n-2.

d( ) d-1  k £ r c(r~qA)iC (r~ql.)'e (r, - u) L(U

(uu~

k: ct(c (c wheres' I m 8 n

m-1 k 1, -( (r q C) U
n du 

(u I

kk+ I + +14 1

m-1i n~i

~ ~ (rI )k ý£ Ih r
PAA q A(oc) )k+ Iwhr

c ~d M- d 1  F ( k + I A- k-ic~ d~n 9 ~ (ai I p~r A(q~r A)k- (q BrB)' CL (U)jl~
k : £ ( t )m k -r~ I ~ t c 0 o +)~ ~
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k (r BqB)I-
1 (rjrs)k+

P~rB~~qAwhere

B rlo B) (rAA /1ýC3k
G& l C(a) dm1 ~l - p~r (r~q)k (rq C C(u)l

Ga&SC 10  n -1 B BE uc

n

2. Four-State System

Let XA - ned(rA), XB ned(rB). The system cycles through four states

repeatedly until a kill occurs. Tie staites are:

(1) combat (contact), C

(2) No contact,

(3) Searching, s

(4) Reclosing for combat, r •

Time is zero at the beginning of the first contact (combat); all four

states are randomly limited with continuous rvrs defined as fo.lowt:

, - general rv with cf of pdf: 4(u)

XZ, general rv with cf of Pidf, 4 tu

SX• - general rv with cf of pdf, 4 (u) I"

x X-general rv with• cf of pd.f• (u)

Xr -general rv with cf of pdf, St(u)

and where

Tc - time-since-start to beginning of last contact (,; bet) period,,

or last unsuccessful round fired

MOo ,O-

Pt7-7*~I 1 iV IIull i
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T- time-since-start to beginning of last no-contact -period

VTs - time-since-start to beginning of last search period

Tr - time-since start to beginning of last reclosing period

Tr - time-si ta t

TA - time-to-kill by A

TB - time-to-kill1 by B

z,w - transform variables for two-variable geometric transforms (gt)

Let j C, C, s, or r

j(ZW uPYj zV gt of V (u~yj) which is the cf of the joint

DF of T and the pdf of yj (time-since event J

last occurred)

""(zwu) Zw gt of j(u) where

4 !•() of of P[T < t, time-to-next event (a firing by A, P,

firing by B, or end of end conte,ct) > tj

•(u) •cf uf P[Tt < t, time-to-end of' no contnct period > t]

' (u) cf of PLTs < t, time-to-end of search period > t]

S•r (u) cf of PT r< t, time-to-end of veclosing periud > t]

V A(z,w,u) zw gt of A (u) which in the cf of

P[t < TA < t + dt Ikill by A]

*B(ZW,U) - zw g' of B(u) wh.•ich is the of of

Bi B

. .. 01

Y ~ '~
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P(t <TB < t +dtjkiflby B]

%(z,W,u) -zw gt of Gc(u) which is the cf of

P(t < TC<t+ dt)

Let C ~rA +r lz-rq

C2 (u) -1 - 45u+ ic1) 4r(u) $ý(U) $.(U)

1 C2 c(U)
Qc(Zjwju)=

iuyC- -Jc I.C(t
(Z)p3 c MY ( + 0 (z,w,u)) lu+i 1 e(~

-uy 
4c f + ic1))

*-(Z)Wl,)yý (u+ ic1  (4 $(u) +-~

2ZWU iuyr r(td

( $C(t+ ic 1) ~u 4()-

C- (U) iu2

C200
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jizwu - c(u + ic 1) $(U) $'(u ) 4(* -1)

C*r u Z () iu

P(A)*A(~w,) aPArAz[$C(u + ic ) I]1
C2(u)(iu-C 1

i P(B) *B(Zw,•) PBrBw[$c(u + ic ) " 11
P(B (Z. c-(U)(iu - CI)

P(A) = P(A) *A(V,1,°) = PArApArA + PBrE

', N.B.:

(1) To get any *(u,y), *(u) or Q(u), let z 1, w 1.

(2) If the cf's above are differentiated k times, with respect

to z and I times with respect to w, and then set z w w 0 0,

one obtains t,,uy, cr Qk"'l(u) or V'k'(u), which are the

cf's of the probability functions defined earlier with exactly Sr,

k and I rounds fired. G&Si

3. Four-State System with Limited Ammunition

Let XA oýned(rA), XE- ned(r )wt
XB B) with the system cycles the same as

in Section 2 above, except limited ammunition and Xc - ned(r 0),

i - ned(re), with A allowed K rounds and B, L rounds. The

superscripts k, . denote k rounds fired by A and I rounds fired

by B.

ii
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Let

C.(rA +rB +r -u

C2 (rB + r0-iu)

Cm (r + r0  iu)

c4 =(rc - iu)

06 (C2 rý - iu) - rcrt $8u 4r(U)]'

C7  (C (r- - iu) - r rý $.(u) sr(u)r1-

c8= [ ( - iu) - r~rý $,(u) $4r(u)]V'

4''~l(U)=( 1; k (q~rA)k (q~r~) [(rý iu)c 5Je k * 1A j

V'), C(u) - (r- iu) (ArA1 ) (q r)A\ K + j K- 1 I) 0K J ~j

J -0
for 1 < I<L.-1

4(k) L-u iu)k+ L+ 1 (q~rA)k (q~r )L j (+ )c c kJ~l

for 1< k <K-1

LU L

c (u (rt iu-~ (q~rA)K c6

6 5

....................................
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*kjO(u) - (re - iu9k~l (qArA) )Ckl 0 O< k<KC A 5

I'l'(u) -(q~r B)l ((rE - u)C 5  ,0 < Ia < L

CC

prB)*KL -i u KL )Lu

C ((ury)K -q~ Buc

r L__ _ 
i- u CyK j -

Au (r u)uI~AC

CC25
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C. DISPLACEMENT (SUPPRESSION)

On both sides, on each round fired, either a total miss or a near-

miss occurs. A near-miss either causes a displacement or a kill.

During a displacementp a contestant is under fire and cannot return

fire. let

XA ned(rA) and XB ~ned(r B)

Td =rv time for A to displace and resume firing.
Id A

Similarly for B.

Td ned(ll/A) and T ned(1l B)

kA = P[A kills j near miss by A]; Similarly for B

0A - P[A scores a near miss]; Similarly for B •

AkAoArA (1 + oArAB)(I + korB8A)

Kt W&A2 PP[A] kA OArA(1+ OArA8B)(l+ koBrB5A) + kBB(I+ orBrA)(1+ kAOArA•)

XII. TIME-OF-FLIGHT INCUJDED

Let TFi - rv, i's time-of-flight

of o ' dfo iTKI rv, i's time-to-fire killing round

T - rv, i's time-to-hit
i =AP

ýi(u) - ef of i's pdf ofTi

Ki(U) - cf of i's pdf of TKi

(u) -cf of i's pet of Ti

S0o6
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A. NC-DELAY DUEL

Eacb contestant f~ires as rapidly as possible (no waiting for round

Bin air to land).

1.TFo, T. rv s

V (u) Cy
Ki (U) =1* (u;ju)-Ki(U) ýFi(u) ;i -,

P (A) (P) 0A(-U) C.(U) dut

2 -2wi J A'j" u

- M(-u)4(u)~~~(u) ýALuJL7T or KB U

F A B

TA-ned(l/¶rA) and TB ned(l/¶-)

P(A) = + TApBr B (PArA +pBrB)

C207S
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PArA pgBT-r B (l + -rA PArA) + ¶rA(l + ~PrB)
I(,A-, - B PArA)( + 'rA PBrB) (PArA + PBrB)T

2. Ir - A o * 'T)3 TOF" 'rAOTCostnt

1f *(-U) 0 (u) dui
KA Im uL

P(B- 1 P e~-u 4"(u) du¶B

e r dui

Zvi eA('U tKB u *(u )

JLU

ExcaMpe: Let XA ned(rA) and XB ne-d(rB).

P(A) B ~A~(Pr 'rA]
pArA + pBr B

C208
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(B) =PArA(l eCp pBrB¶TA) + P,3r,(I enxp rACFPArA. + r

B. DUEL WITH D)ELAY

Each contestant waits until his last rcunmd fired has landed before

ko he prepares and fires his next round. The geaeral solutions are the

came as for the no delay case (Section A, above), except:

+A CK) qBýB(u)
UA 1- (u OF (u(u B B-q~u)*B

Examn~le 1: Let X A ned(rA) and X 3- ned(r B

TFA -neO (l/TA) "di TFB - ned(l/rB)

L -~ rTAPArA PArA¶?B -p~ryr - 1 -

P(A) B - + rAB + TA + -B¶A¶r33)(P~rB¶BrB
/ 2I PArA¶BrB BA) @B+ riA~TAB -f-A B rBA B]L PA rA4, + rB¶JB) + PBrB(l + rAT)]

Example 2: Let X e- flC and X ned(r)A ~ A/B B

(fixed) and TF' 0
A F

P(A) ArA exp [(pBrBA
~A A xP -1r B A]) +pBrB

C209
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pArA(l exp [-I•rB7A])
PAB) - .rA( -qA exp -pBrBA]) + PBB

C. A MIXED PROCEDURE

Let TPA TA, TF "B; XAXB are rv's, where A uses the

delay procedure and B uses the no-delay procedure.

0A~ (u)
KA(u) - qAýA(u) exp [i¶A u]

(PBB(U)

(u) - -.1

P(B), P(AB) have essential singularities.

P(A) f- iAu 0d
P(A) - f • ¶ KA(-u) OB(u)d

Examj.e: Let XA - ned(rA) and X~ ned(r B)

-PBrB A
pArA e

P(A) -
-PBrB¶A

rA(l-qA • ) + pBrB

D. SPECIAL CASE WHERE TIME-OF FLIGHT VARIES LINEARLY WITH TIME
This is a NO-DELAY PROCEDURE, where XAPXB are rv's and TT

are linearly varying (see Figure beluw for TFA A) deterministic

2o10
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varictblea. A almilar situation for T obtains.

1. W 5nearly Inc reasMR Tjime.of'-Flight

TA

b-

mTKA

~.iau - d
I(A to O J (-U) [OKB(u) 1

~. (exp _-i a - )u]-

L 1m

NP fe- E() {ibw ,faw U - Wv)}dw) du

P(B) is obtained by interchanging B3 and A and replacing abmby say, c,d,n.

Example:- Let X A N.ned(rA) and XB ned(rB).

P(A-p~~ex (-P~rE1{e (~ )1iPArA + (+ m)PBr.]]

A3* ______ 1* ( A + PBrE PArA + (1 + M)PBrB ) A'A + U + m)pr B

c2li
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Letting a ,

P(A) A PAA exp -b PBrB]

PArA + (I + m)PBrB

2. Linearly Decreasing Time-of-Flight

,}Cr

b-

-m~ eto bvPA lo le oti c KAse Jutrplc'

by -m. The constant a must bc + or zero.

Example,- Let XA ned(rA), XB - ned(rB), and a 0 O.

PA) PArA exp [-bpBrB]Jexp ( [ArA+ (l-m)PBrB]]

A3 PArA + PBrB PArA+ B P)p + m)PB B

,21.2

S• ':.: ...-- • '.• , . . ..... , ,2
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E. LINITED-A)I4NITON. RANDOM fl EPpENDENT AM1=JNTIK RESUPPLy

[ ~ Delay Procedure (MY and TOF Alternate)

Let k 0 ,*t0  -A Lnd B's initial annunition supply (fixed)

k$ - A and B's aMMunition replenishment supply

(fxdadsmefrecResupply). *
-kw

1+ 1

OA(u OA(U) +FAWu , Where

-lu ý[ .Wl k Ck(U) $Aiu ~Ar,,A k q~C(j)J u]i

P(A) - ~ ~ (u ~u

P(AB) 1 l-P(A) -P(B).

Special Case: Zero flight time.

C213
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0 0 '
14-

rWA - *iuI,

C* (u) - A(u) . A4$A(") 1 - 0A

F where

k k
C. (u) $A(rWA:i qL C2 U

FExzmple: Let XA nadl~rA), X - ned(r 3 ) viere B has unhlzaited.

a~munition, and let

(U) 0

(U PA rA + iu '1A rA

rB r B 0 -
B lK

11PAICA + PBrS P~rB + rWA rA +rWA + Pr

XIII. WRST FIRING

FA. TV&~ BETWEEN RPXflSDIN A BIMTISA RV

Let - fixed number of rounds i fires in a burst

T~ - I, time-between-burstis

c2 1

AI

-7" "1.
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fi~ wc rv, timne-betweera-rounds in i's~ buxrsts

$iW- cf ofT

ýG()- ef of

where i AyB.-

A(U -PA$A(u) L1 (qACGA(u))]

fU) q " A ýA(U) 4'A(u)]

ExMPPle 1: Let TA :::: ::d (: : DA

q A 0  andt q -o0

(P1ArA+I oA +pr + o%) rArB r+ ( rBýrrA)pBrBoBJ]

(A - + (rArB + pro,) +(pArA oA - pBrEB) -

ýN (Pe OA -P~rBcoE) + (pArA+ DA)(p~r B+ Od)(PArApA+ pBrBOB)
0 A+PArAPA(P~rB + p)+ pBr'BOE(PArA + PA)_

Exapl 2.. Bdoes not fire in bursts. Let TA - e(A;TGA ne

and ~ned(rB). Also let ~ 0

C215
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PAQA(rA+ prE)
hAA4 +PBrB)(PArA + -Pr7)

B. TWE BE.WE ROUNDS MN A BURST IS COSTANT

A (burst firer) B (no bursts)

TA - rv, time-between bursts XB- rv

TGA time-between-rounds in a

burst - a (constant)

z = number of rounds in a burst

(fixed)

fA(t) pdf of TA

$A(U) Cf of fA(t)

( 1 L " PA4A(-u) I-q' exp(-iuz)] PB4B(u)du

P(A) ~~ 11 Z~ qA exp(-Jau)][l- qA4A(-U) exp(-iau(z- 1))](1- qB$B(U)

Ex le 1: Let TA ned(pA) and XB ~ ned(r,).

BE•A) "-- PAA[I "qz exp -za PBrB)

SqA exp (-apBrB)](IA + PBr3 qA OA exp(-(z-l)apBrB)]

Example 2: Same as Example 1, except let z 3.

P(A) - DA a PAUl- rqA exp(-apBr)]]
[I.qA x• "I~r)I~p~B + PA all qA(qA exp (aPB r B))2•

216
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Consider three dimensionless parameters:

(1) a PrB (B's hit rite /A's firing rate between rounds in a burst)

(2) a OA (A's rate between bursts/A's firing rate between rounds

in a burst)

(3) PA

S(See following plotted curves on next page). A5

XIV. MULTIPLE WEAPONS

A. VOLLEY FIRE (ALL WEAPONS FIRED SIMtULTANEOUSLY)

1. Unlimited Amunition

Ammunitionv.fired in volleys of v and w rounds by A and B;

respectively. Let

pA a P[Volley by A hits]

AX - rv, IFT between A's volleys

dA - P[a given round in A's volley kills IA's volley hits]. This

is the same for all rounds in a volley and, all are independent.

,I With similar notation for B.

A ) A du~~I (A)= _ (-u) %(u%

where

A(u)- ( - dA•v]pAýA(u)
[ - A + (1 - dA)v PA]$A(u)

Example: Let XA ned(rA) and XB ned(r Kw& 1

C217 J
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1.0

lap rPA-

(a)
1.0

.6

.4 -

~PA

1.0)

* I.8

P [A] _ _ _ _ _ _

.41

0 O~~PA 3456

Durst Firer Versus Randomi-Firer
A5 (Both ned)

C218
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A PArA 1- (1 - dA)V]

PArAri - - dA)V] + PBTl - (1 - d)']

2. Limited Amnmition

Let P[I -] a and P[J J A] m for ij = 0,i,2,...

1P (A

P(A) -A /L JA(u) EBl(u) Vu + P([][(- P[RA)]

7. tAl(u) -" l(i, -LV A){

A -( l - -A ( 1 d -P A

i(u)

II

(1d similarly or B

AA

P(AB) - PrHA] P[HB] .

•iExample: Let -I (i. - CX)a and j (1 (- •)Jfor i,j = 0,1,2,...

i"with XA ~ned~A and XE •ned(r ). If dA and dBare

sufficiently Amail that (1 - d)v Nl - dAY and (1- )W

k A BA

1 -dBw , then

t a2 19
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P(A) { apj - rl ArA A v
SA [1 a(l -PAdAv)] + r[1 - (I. - PBw]J

r1 1 0
dB 1"+ a~A PAdv A 1

-B - B w)j PA ~ P% L ~~ A v)j

KV & - a__P(AB) L

B. MULTIPLE WEAPOW3 - FITErD R•MOMLY

A has k weapons with XAi ned(ri) and kill probabilities
A (Ai) dkl rbblte M

B has I weapons with X Bj 'ied(rBj) and kill probabilities pBjp

PAi rAi
P[A, kill by i-th weapon] k 1

Z PAirAi + J PjrB

k
SPAi rAi

P(A) = k i-l I

• PAirAi + P • jr
Junl JunlBJB

If NAi , rv, number of rounds of the i-th kind fired by A in

making a kill, then

C220
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k I

k x
SPA Pii i i + r PBJrBj

a 
2 rAiPAi'Ai rAi+ A + Bj

V(NAi, A] Bhl

F L PAirAi + r

C. MULTIPLE WEAPONS - FIRED ALTERNATELY

Each contestant fires two weapons alternately.

For A: Weapon 1- , rounds fired each cycle, each with kill probability

PA1 and IFT Xt
Weapon 2 -2 rounds fired each cycle, each with kill probability

PA2 and IFT XA2
For B: Weapon 1 rounds fired each cycle1 each with p , and IFT
For .:Weapon 2 - A rounds fired each cycle, each with PB2 and IFT XB2'

Each contestant starts with Weapon 1 unloaded.

((
PAILAl(U [AlAl(U)] qA2YA2 (u)] + PA2$A,2

-
4 Al 1J- * (

Al -[. Al(u)) A2 4A(u))

C22 1
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for Y() replace A by B,, kL by A11, and k2 by 42

P(A) 27r C A(-u) BYu) u

Example 1: Let N, ned (?~) and XA2- ed(rA2)

Xl ned(r~l and X2-ned (r )

and hl nk 2 m1 1 a 4 1

r~rý -i ±AqA PlrAl u

4OA(u) -U ? 'u (r~l + r.42 ) + r~lrA( q Aq A,2 )

and., similarly for *B(U).

+ rAA (1--~A r~1r,,(1 - Bq( + (r~l+ r.A2+r BI +r.,[r~pAl r BlrB2(1 q- .

-rBlpB1 rAlrA2 (1 - q A1qA2 ,

,r- (r1 I
P(A) -l r ~l lPBl 'r2l Bl"B2 rAJ.A2, A 'A2)

Lr ZA2(l - qAqA2) - rBlrBZ(i -~B 1

+ rA+ rA)(rl -"q2[r+r jq

Examle Let 11 9 a nyiewao-Ar e'

_ _ 222
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XA edLrA,), I.31 xBl

prA (pArA I+ r. I - riPi

(pArA + pArA (rBl 4 r.2) + rBlrB (1 - qlqB2 )

Example 3: Let k, lkIinI, B has only one weapon. Also let,

X A ned(rA), XA -,ned(rA2) and XB -ned(r B)

!P(A) rAlrA2(l" qAqA2) + pAlrAl PBrB Bh2

(PBrB)2 + PBrB(rAl + rA2)+ rAlrA2(1 %A-'.AV

fl*D. MUTIPLE WrAPO.S, EACH FMED CONESULTVEIY UNTML FAILURE

1. Aummnition - Limitation

Let A - k rounds initially let B - I rounds~ initialfly

- mA weapons - B weapons

XA 'ed(rA) XB .ned(rB)

time-to-failure, same T - ned(rL)

for each weapon when

in use - ned(rA)

MP(A) -L Bi.(-u) % u)Vu + %0(°)(• "AO

P(B) " A 0(0) %BO(o),

where

2I
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A0(O)kpmAI + (p , r-) I AA (mApk)

(rA +ra)r L

* ()PA rA
CAl( PArA - u-

r-1 (k,mA)

"Q rAr-'u)

- pArA +rAp rLA - iu )mA k)

2.* Unlimited Aunmit ion -Random Initial Supply of Weapons

(MA 0MB)

p(MA -I]I ma, ~a- 1; -(1; with
iO MB 1; ý jo~

XA rded (rA) and XB Be~.

T LA nedrI and TB ned(r L)

P(A) - 'Cu 0 () '(~l$(0)]
ZiriJ f 'Al(u OBi.u tu + 'AO

OAO(O) %0 (o)
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where

rLA

"AO(0 = i ArA+ rIA
1-O

mon
::A3 pArA- +l .. r'" iu

PA0 rA 'uIr A+

Example 1: Let Cr (l-a)ai and %w(1- )&J •

PArAa[[rLA(1 - a) + PArA] + (1 .)(PBrB + r,,))

P(A) (I r -A(a . - pArA][rLA(1 - 0) + PArA + rB(1 - + PBrB]r

(1 - a)(1 - lS)(PArA + rLA)(PBrB + rLB)
I P(AB) = [rLAU - a) + "PArA][rLB(l -B+ pBr B]H
Example 2 :

For A: r\ weapons (fixed) For B: 1 weapon (no failures)

XA ~ ned(rA) XA " ed(rB)

ned(rL)
TIAI

PA rA rLA

P(A)*[)]B
PArA + PBrB 1 ( PA+ A + PBrB

P(AB) -0 .

(225
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XV. MARKOV-WEPENDENT FIRE

See FD -FIFT for notation (pages C97 and 98).

A. POSITIVELY CORRELATED FIRE

A fires with positive correlation be.tween hit&

B fires with independent hit and kill probabilities

A is a three-state firer) (H, H, K)

If PfH±iHiI] H pO0  p(Hi i-] Pl, PO > P

and

PiKlIJ H Pk' for all i.

Then

PrH =1 l- p 0  Pl o Corr (Hi,Hi 1 ] PO p 1

PlPk
OA(u) 1

I A- 0 A(u)[1 " (PO - ) $A(u)

::If,,)(1 • -Puli•+ Po('l-P01 -O(u))] + pl(-p Pk) Yu) )

B is the firer with independent hit and kill probabilities, i.e.,

P[Ki IHi - 1 , P[Hi I PB for all i •

pAlq (u)

Yu)q0.. .... .
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P(A) 1 J (- %u) B(u) V
L

Example: Let XA ned(1) and XB - ned(rB)

c c- lu - c3-U - a..L. --.

OA C (iu- cl)(u- C)

where

c, [1 + P1 " po(1 Pk- + j + p1  Po(1 " " 4 plpk: -z 1 + P" Po(1 k) 1 + p1 - po(1 - -" 
4

1Pp

c 1 po+ + PII

cl
®B(u) " - iu

where C o pBrB

c~c (c• + c•
P(A) - c(cc(cf + C4 ) " Fi.

Do. IFT'S ARE STATE-1EPENDENT AND ned

-AitFor A: pdf IFT when in state Ei rAi e t > 0

" 0 , elsewhere

for I - 1,2 ... ,m.

C22 7
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rt.0
rA1 0

Ai)*D•AIrAi) =".ri

rAi
0

A DA(rAi)(SA- I), i 1, 2 ,...,m

i-th characteristic value of A, 0 * 0, ?i <0 (i 0) for

Is If A has m+ 1 linearly independent characteristic vectors, then

let X be the matrix of characteristic vectors of A

T
x0 be the zero-th row of X

x' be the m-th column of X

and Yo m be the vector whose i-th component is the product of the

Ti-th component of x0  with the i-th component of x' •

For B: Interchange A and B, m and I

X and Y (for B), x and y (for B), E and F (for B),

and ?ý and @ (for B).

Now let Z = an m xI matrix, whose iJ-th component is (Ni/(xi + @)

1. FD

At TBt
P(A) 1 - j mA A nA e B dt "

.0

. -
- -I-*.
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P(A) T 7

P(B) I ?(A)

2 FD with Fixed Surprise-Time

Let A have t units of time before B acquires A and commences

the FD.

rT T

where • an m x I matrix, whose ij-th component is (i e / Qi+ Q)

P(B) U1-P(A).

3. FD with Randcm Init.tal Surprise

Let f s(t) eri tc> 9 >o

TSi
S0 t <O0

T C~i +1 T
P(A) Z ! I-C )Z jc A y where

C229
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B& 3 an mx I matrix, vwhose ij-th ccmponent is( + .- )(l - i

C. CONTESTANT FIRING ORDER AND IFT'S ARE MARKOV-DEPME

FD- CRIFT

Let * " P(j fires next, given i fired last], i,J -Af. Then

the transition matrix is:

A B

A (PM pA)

B B

The IFT = XA if A fired last,

M X= if B fired last •

Initially, at t 0 0, start as though A had fired last

u + W "qBB(U)(AAPBB" PAPBA)]J

YA

iuu - -r0A AA(tldt

CC
•f ')

,(u,,,). ,••*A(°•w c2,"0o (*° ~

p .. ... .. ..- - . - , . .z, •,



A [LAALA(') -DM.4A PB A) 4A(u)J
(~Bu) (PAM PAB 4A (u), where

WA A -p ýA4 (U) Y ~~~u) A (PA AM 4A (U) 4 (u)

PAA [A PAA - q (AAB - PBt)

PB PA

P (B) BOW ~ ~ -P *m~1

D. MULTIPLE WEAPONS

Each Contestant has Two Weapon. Fired in a P~ALM= Markov-

Dependent Order

A -

Weapon 1: M - XA.1 0PAI IF? Y- X8  PB1

Weapon Firin Order Transition 3fttrise.

a i, P[A fires weapon i next I A fired weapon 3last],, itj .1,2

1 2'

j ~ %2 -z

In each case, firing starts with v--:.po 1. Ifj
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C - lal1Ql 4A.1(U)q AC 24A~u)Aq A2 (a1 lC22 - CxýI) 4Al(u) 4.12(u)

OA (u) -~ +A (PA AA2a2  qA1pA2Q12)ýA 4(U)]

and similarly for B.

2 7riB U

Example: Let XA - e~ Al) and X - EAl -el~~

LXA 2 - ned(r.2) and X B -ned(rB2)

~A~u c c. 1 iPAlrAl u1er
YU) (c1  iu)(-C2 - iu)whr

Cl1 + 2a r l 1 qA ,1 r A ~(1 - qA.2oý2)

1 r Alr1 A2 Al 11 A 2 +4 q~ial2(allcý 2 - A1 2

B is obtained similarly by replacing c, c lc2 with D,, dldZ.I

(C C1 + CZ + d1 + d2(PA~rMl dl1d2 - PBlrBl C1 C2 + clc2 (d, + d2 )
+ (c12 dld,)(clc2 - pA~r~ p.31r~1 )

- (c 1C2 - id)2 +(cl + c2)(d1 + d2)cc + did2)

+ C c(d, + d22 +d2( 1 0)

lc2 2 + d 2(l+2

"C24
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Let XA - u1 (fixed) and XB - a rv, then

PA 4 1 (P) % (u) N udu2 rri J A Eu) u

27iJL O'A(-" %(u) u

3. f PA exp( &l U) PB4 B (ud
2ri [- qA exp (-iau)j [I qB (u)ju

Example: bet XE ned(rB)

PA e-.CP al PBrB)P(A) i ex (-ai PrE)

1 exp - )
11'A (

where

a 1 rA

Plots of this expression are given below.

C23
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